
Weektt - tuesday - 10/18/2021

• Logistics:
• HW 3 posted, due Thursday on gradescope
• Midterm dates posted, next wed $ Thurs

◦ Midterm sign up posted. Sign up for a slot this week

• HW 4 will post on Thursday

• Goats:

• Numerical considerations for reduction :

1. pivoting $ stability
2. time cost

• Fundamentals :

1. the 4 fundamental subspaces

2. the fundamental thin of linear algebra
3. application : least squares problems

* if we make it

t.row-red.IE: use rows to cancel columns until upper triangular

b use row 1 to use row 2 to cleara." ÷⇔
beneath the diagonal diagonal

⇔ '""

÷.÷÷÷÷% = not zero

☐ = to be eliminated [ I = the pivot
[ ] = row to use

• a •→

upper triangular¥%!¥*%¥!:!É÷¥ ::::""g- column , beneath the | can solve w/

back substitution

; """

2. bactb: solve backwards bottom to top. µ
Questions 1. can this algorithm fail? c- answered last week

2. is it stable ? ←y
3
. how expensive/efficient is it ?

today

3. how efficient/fast is it ?



2. Robustness & stability : does reduction + back-sub work for

all nonsingular systems ?

how do errors during calculation propagate ?^
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/
0 [ 4 ] -2 ! 2 reduce further using row 2

.

notice
,
not singular, row Cii )

)
is not all 0 's

, try rearranging
•

swap rows Cii) and Ciii)

-
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' } upper triangular, reduction is done
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proceed w/ back -sub .

• Pivoting : if at some stage
!
• t.ge ,

the pivot, ai, , = 0 then look down the

Col . beneath row i to try and find

a G > i ), a
ji ji

≠ 0
,
then swap rows j $ i

• stability : at stage i when we combine row i

w/ row , use multiplier ✗ = -
% :

F.←pivot µi:¥¥¥
.

row
,
= d. row i t row

,

unstable /lose digits of accuracy if the

pivot Gii is very small . _.

• P-art.nl?vo-ting : at stage i of reduction find now , ≥i

that maximizes / a it
, swap rows j and i

to maximize the pivot .

Then reduce .



• see Matlab demo in HW 3 for demonstration
.

• partial pivoting ensures robustness & stability. . .

3.EC/-i-ienay : how many operations does our algorithm. require ?

• cost-Efficientcy_of : # of operations , solving A ✗=b
,
A men

•Row-reduct.in# given A nxn

the cost of red.

is on
} ( Ocn 3))
I
- expensive/slow

⇐ why n
} ? In stages, at jth stage need

.

"" """" .
.÷i ÷;÷:

1

to operate on (n- g- 1) rows

$ (n -g) columns per row AE
this volume

j= I ↑
proportional to

• BacK-Sub:- cost on
≥ (Ocnz)) -

( n stages, at jth stage do ~ 2cg-1) -

•+ is ~
operations . this area

n -

costs { 2cg - 1) ✗ n ≥ for large n )
J= I

•Mcat : row - reduction is much more expensive than back - sub
.

• see Matlab demo
. . .



Fundamentals
• recall from Thursday last week

• E± : A- = [! , °, 8) rows c- 1123

^

gall 2- 1- row 1 (t)

g.
span of the rows of A

gall Z 1 row 2
range(AT)

""

row I

←
I

h note : null (A)④ range (AT)

"
"
"

"

"

\
row z

nu/KA)
= 1123=112 "
-

null(A) is all vectors in IR
}

1- to the span of the rows of A
• suggests a deep observation :

the null(A) is all vectors 1- to the span of the rows of A

this idea leads to the fundamental theorem of linear algebra . . .

• YF.nu#ents-bsp-es:..
siren A. nun

[ A Jim
→

1. range(A)
= all t.in . comb. of the cot . of A . . . .

≤ IRM

y•Def:_
given A, A

"

(A trespass is the
2. null (A) = all ✗ sit. A- ✗ = 0 C- 1in . dep. of Col 's . . C- IR

"

matrix whose rows are the columns
3. range(AT) = all 1in

.
comb

.

of the rows of A
. . ≤ IR

"

of A. • •
[At]ij %4. null (AT ) = ✗ s.t.AT/=oc- 1in . dep. of rows . . c- IRM

transpose swaps rows $ columns

• Eef : the direction of V and W HH:D I

"" " "

iii.÷:i:;:÷ ;
W = span { w, ,wz, . . . wm} } U⊕ W = span { Y , -- .vn,w, , . . . wn}

|V⊕W= ""

•

go
back to figure (K) . . . what is true about

null (A) and range (AT) ?I



• F-und.TK partie : # rows 1in . dep. rows span of Col's
↓ ~ ~

☒
"
= the set of all vectors w/ m real entries _- . null (At) ⊕ range(A)

HR↑= the set of all vectors w/ n real entries = null (A) ⊕ range (AT)
↑ ~ um

# Col 's 1in
. dep . cot 's span of rows

° "
" = !

""""""" "" "
"" ≤ "" ← """" " "

= span {['s] }

2.nu/1CA)-- { ×
,

×
,
[ 's] txz [{1=0? c- ✗ = [4)→ nunca) _-span/[4]}

1 I

{A:[ 3) } 3.
rangeCAT)

-
_span { [I]

,

[}] } ≤ 1132 ← outputs of Atx
2 6

= span { [I ]}

4.nu/llAT)--{ ×, ×
,
[I] + ✗a. [361--0}

,

← ✗ =L?/→ nunca 's.- spank?,]}

range(AT) range(A)

a- ↑ n-E.az
A -

/ • f- a- a:i'

> null (At)
→IF

# Col's # rows

IR
"
_
-

rangeCAT)⊕nuNA) IR? range(A) ④ NNIKA')

• Def : subspaces V, W are orthogonal , if VEV , WEW are orthogonal .
• • • any VEV is 1- any WEW

• D-ef.or-thogonal-mple-mets.uand w are orthogonal complements if

V={ all vectors v 1- all vectors WEW}

•FIDEI : nunca ) and range/AT are 1- complements
null (At) and range (A) are 1- complements



• Lett's try to prove some of the Fundamental Tbm
. . .

• notice : all claims regarding null /A) and rangeCAT) extend to null(AT) and range(A)

◦

flax: if 2- C- null (A) and be rangeCAT) then Z is 1- to b.
. .

'
-
-

↑ ↑
Az _- O b = A

>

✗
then b-' 2- = 0

for some ×
see notes = O

T ↓ t r-11-1

compute : bᵗZ = (Aix ) Z = (i'A) z = ×
' (Az) = O

b is 1- Z
.

✓

b'2- = 0 any b- Atx for some ✗ then A- 2- = 0

-- ↓ ↓
• Claim:- if z is 1- to

any bc-range.CAT) then ZE null(A)

( null (A) is the 1- complement to range (AT))

we know that b'2- so so
,
(Aix)

>

Z=0

✗
' (Az)=o

E- ×
'
-]

µ# 0
I
,
holds for any × , try :

| ✗=[Éf=e, then "(Az) = [Az ]
,

-_ 0

✗ = [ /=e, then ✗TAZ)= [Az ]; 0

:

•

°

. Az = 0 . 5-holds for all i.
. .

- ✗ = +ii then ✗YAZ ) -- [Az];=0

• Challenge; if b is 1 to any 2- c- null(A) then be range (AT)

• Challenge; how are the rank -nullity & fundamental thm 's related ?

does one imply the other ?

• Questions for next unit :

1. can we compute the dimensions of the subspaces ?

2 . can we find a basis for the subspaces ?

3. can we represent A in terms of its subspaces ?

•
now

,
let's look ahead to see why the fundamental thin matters . . .



• t-mple-Applic-a.in : Lneastsqnaresproblemse . . Solving A- ✗ ≈ b

◦ ≤"⇔ "
&"" A """ "" d b "" "

often occurs when over constrained
._ .

usually seek × s.to/tx--b

what if b. ¢ range (A) ? more# than enters

then
. . .

? ? m > n

i iia, ithis is the standard setting when fitting :b
,

unseen
data to a model :

data _- A ✗ + measurement error -÷
:

so data ¢ range of A
,

!e

;
or
.

data ≈ Ax but w/ modeling error !
.

so
,
no ✗ exists sat . Ax:b

,
let's find ✗ s.t.

A- ✗ is as close to b as possible, that is

✗ that minimizes the discrepancy :

discrepancy = Ax - b want A- ✗ ≈b so

LS problem : find ✗ which minimizes 11 Ax - blt
disc

. in ith entry
equivalent to :

M ,-11-1

find ✗ which minimizes I/Ax - b /1 ? { (Ax - b)?
i=l

= sum of squares of discrepancy.

•FAI the LS problem
§

has a soln for all A & b c- a soln always

(note : the soln may not be unique ) exists

• What about uniqueness ? suppose ✗
*

to the LS problem

2- C- nut/(A)
,

2- =/ 0

HA(✗* + Z ) - BIP = HAx*+A,z
- b 112=11 A- ✗

*
- btl

?

~

then ✗* + Z is also a soln
, so

soln's are not unique.

• • • using LS does not solve the uniqueness. _ .



• LS problems are the most widely solved opt. problems . . .

I. data is often noisy
,
noise ~ Gaussian dist

, prob ✗ exp/- 11 discrepancy 119

2. LS problems are
"
easy

" to solve at large scale

3. LS problems admit many methods /approaches

4. LS problems are easily generalized , adaptable

• ok
, so how do we solve them ?

• A geometric soln for LS problems :

•

given A man
,
b mxl find : ✗

*
=

argmin ( I/ Ax- bl/2)
✗EIR"

to build intuition . . .• a picture

, .fm a series of ✗ " l""discrepancy
• } Ax - b

> range (A)¥ .•h÷ >
pm

• notice: ✗* is chosen such that the disc-pong

1 Ax is 1- to the range (A) .
for varying • why ?x

^ range(A)

'

f .

"

÷
: ÷;÷÷÷÷÷

.

÷:÷
:-. '

.*⇔⇔⇔
."

¥7
c-
(At

-b) 1- range
(A)

> range (A) >
what

subspace

↑""
""""

"""""

IRM ÷. : : :-<
'

÷
. : .

. IRM÷: ÷.'

'

¥i÷:÷÷::i:ii:i:i:;÷iii:÷: ""

i
""

:-. . :

Ax

✓what subspace am I ? ÷:÷÷
:

( 1- complement to range(A),
= null (AT))

• be IR
"

so Ax - be /Rm F can decompose the discrepancy into

a component in range (A) and null ( AT) . . . ( Fund. Thin part I : IRM = range(A) ④ null /AT) )

+ (At - b)Ax - b = ( Ax- b)
wrong.ca, " nullCA')



•

moreover (A- ✗ - b)
,, range,a,

is 1- (Ax- b)
" nunca-1,

(Fund. Thin. part II )

so
, by pythagoras :

112(t) I/ Ax - bll
>
= 111A ✗ - b)

" range,a,
112 + 11 (Ax - b)

" nut/CAT

1--1 1--1

depends on ✗ same for all ✗

so
, minimizing HAX- b. 112 is the same as minimizing 111A × - b)

"range,a>
112

(**) • Fact : for any A
,
b F an ✗

*
s - t- (Ax - b)

" range(a)
= °

•
: by (k ) Hae - bll

≥
≥ 111A e- b)

"nun ,#
11
≥

for all ✗

and by 1k¥) at ✗* s.t.CA/--b),,r.ngeca,-- 0 , MAX-6112--11 (Ax - b)
"nut / (Ag

/ /
?

so if ✗
* solves the LS problem then (A- ✗

*
- b)

"range(A)
≤ 0

so :

discrepancy = A- ✗
*
- b E null(AT)

•

°

. (Fund. -1hm ) discrepancy is t range (A) .

•and picture :
{

11disc/1=1.5 at soln ✗
*

the discrepancy
^ ^

,
_
-
- - -

-

y, must be 1- to range (A), since

/ " i
,

" &? " i
""

' """"'
" " " """ "" " "" """"""

'

'
-
---£.

-
'

"
"

centered at b of smallest radius intersecting
•

f
[smallest Noise " range (A) . The circle must be tangent to

|
""""""""°

>

"
" ᵗʰᵗ "→ """

" +" """ "↳ "ˢᵗᵗᵈ ""&

• : discrepancy C- nuNA
' )

✓ null CA') (Fund Thm)

• co-nsequzqe.at soln ✗*
,
discrepancy C- null (AT)

SO .- -

Aᵗ(discrepancy )=Aᵗ(A ✗* - b) = 0

rearrange :

Aᵗ(A ✗
*
) = Atb

.
E- but this is a linear system ! !

1-

the n-maleqn.is
• Can solve all LS problems by solving a linear system !


