2‘13'0 = Nuna-'m‘ L‘ncor Abe_L_m = lleck l
Tuesdoy - 03/21/23

° Codsc Inﬁ;'

* Tnstruckr: Alex Shrang, nlexshanae uchicﬁo.a:/u
'Oﬂ:u.' Jne_s 307

“TA. Huamsoo (Josh) Kim, lmkm@ﬂch’cay.du

+ Ofce Howss: WeJmJays, 7:00 -10:30 am, Jones 304

. ,_a‘) Sessions . FI-Jnysl 3:00-5:00 P, Jones 226

* ”Ju.',.lsl Nunu{a‘ L‘mr A‘}Lm L, Tfea”mv an Bou

: As:banznls and fm:’ec‘s in J'.”/‘I role booK  Cinshall ana conda locally)
“All -‘nﬂ, announce meals, caleadar, ele. on  Canvas

" Logshes:
 Read port I and lechwes 12-15 of poct IC
: Conpkk Consse ro"

* Inshll anaconda and make suce you com lounch Jufrk/ nolebook

: Goo/s:

< Tabo b Aumerical adalysis /_cc.‘ml-ﬂ‘c mmful-'ns
¢ fublen bype, accotoey Istabibily,  castle fuency
Moakny  guih arihmehe
* Shabilily
* Coadiboning T

© By O polakion

* WH S fumerical oml,s.‘:!

* uc S’ﬂJy of wethods /‘313"5“"‘“ ﬁ( continuons problems
5 - = -
Compntohion

fuu o1 Sc-‘m‘v'g: rfo“ws‘
namecs

Shakstical /defa scieace f/quens
* Compuabon: is discele and finde

oot iavolve Conlimuous variobles



‘M Jeasion hetween Confinuous problems $  dscetc methods

will nse fhe Key  issues o the £ad

'Atcwhq
* Scope f whet o be appreri=akon
. cu}/emmc’

’ Convergeace

S k¢7 wotal

o discehization
o ruan‘»J
* effor propayatien
« shbility B robushess

o There ae ,ﬁu wany noM"col‘, qu.wlust wars to

Sole o problem, ol are  numerically  complelely dfheeat.

° ”o_ul’ how you solve a problem wiafkers.

. D&sqa Pr.‘nc-‘pks L Munﬂ-‘ml Apa‘,sis: ‘axes -f analyss"

|. Whet are you salv.'n3?

a. wht s the geneml problem class?

b are there sfa.‘ft &alwt.s of the problems

I Con cfr lo-"' ?

) 57/40‘40‘17 Gi;) Srus;‘,

(i) convesily Gv) prior Kaowledse o

conshoinls  on yow Sole'’s

. How awyrdlely? rteal problems hove etrors:

() etrors in model, problem

(i) opprosimakisn etrors am
choe of wethod
lerors ‘w’mn dl?ce'ila‘u'm)

G) error in wpuls thol specty o probles iustasce
Gv) aﬂ(u‘v‘\bm'/’buul-"‘s ertors

aumerical Mo'pij

e Ach.‘cm a desived acewacy . (depends on controlling all 1 sowrces)

}

aot rally Aumesial
asaly sis

o N-(Murca"y, am Rl S)‘OL.‘I{& ? swal elahve  errors i o-ll-fvl*, J'"'” swall errors in .'lru{

3. How 3un'ck‘y-' what 5 your compatahiona] LuJJc»L?

G) memory/ slorage ) # A operobions needed (i) clock fine/wnll hime

Gv) ¢ S Gupalaboaal acdes, cosl of e cusler, GPU, etkraalifes



'é(.' J-‘M AGC"“, Lﬁcn ":ﬂJ Iei" s Aﬁ‘}.

“‘M ,oug Ca" X A\L .

Q7 who! does A\L acdusly do in o real comp lang.
e does it caleulole A" > A'h=x? *F Lasicy nerer
“appror A aad do e sumc hiw?
credue A o e 4, e sole vin e foches?

* LU Gaussian ohmination
* QR @ Guom- Schudt

divedt metbeds

* ilerative  mehods based on  ephmizabon

. W‘lz [inear n/gel/o?

0. Most problens ae  Mulbvariate

L st sbattiatode |psbes ode Ldsd

C ¥ wnless they o lacoe (v linear)
(be  lacorily allows  decompasition st pors Consepucace:

Scquentiol reduckon process, convert oan N-D  problen

f M bosic opencdions dosc in o comp.
inbo q  sepuence of n, 10 problems) [ Syskewm a4, - x, +
d. and they o welel e approsisetion, oppesr
s unkemedale  compatotioaal Skps of ke

oljm'Hmsl and o themselves ul:f;m‘uau.s

thea he basic compriation Skps used n

abu:#ws ot lnesr a JeLm-'c.

’ T‘t Bas-‘cs',

* Num‘u -S/SLM 7 Flaa»‘n’nj Fo-‘ﬂ‘/ #.é

“roblen. compulers can't represcat @°ly  many 45
So Hm7 we  resiickd b a ﬂm'/c Suhset

© Subsel we usc o e fookng pout #5

° H«‘l‘fnj . #lS are #lc Qﬂr, qnn/:s Io Sﬁu“." "lnl“m



. % a set of f/ao/.‘nj ro.'n/ #5 F s Jeﬂm'c/ ‘7:
l. a quc/ 5. .'nlrjer valued, > | (in prachic £=2)
2. a prcsion, t, inleges valeed, 21 (in puchic 429 or #-53)
(3. 0 sak, £, inkger voled, >1 & Fe the swollest 3 hoogest
#5 in FJ i prachee the swmalles} B Icoea/ #5 m F
ot 10'3"?, 10308 )

hea F is all #5 x st
X z(%)ﬂ‘ L me[g, p*‘lJ, cel-€ €]

(-Je-;. i5 o Leak tec real lne iabo powess of B, then sepnle  fhosc
wkervals erealy  using seamds spazeJ WJ‘A5 b de precision.
do s lboheea dwo valees contolled iy "E, E.)

Bl pr2, b3, E=2

inkrval asseciakd W/ e=|

Symmeleic
¢ L s ————————t |
o M l‘-v‘: % L 4
IR J
F-l s £ £ £t

inlerva| associaked w/ €22



Tl.u&la, - 03/23 - Compulabonal Basics

L"jél‘_‘s_
* Cowse indeo poll
* Read Fed I (Lin Aly. review) 8 lechwes 12715
* Joshll anoconds & opea Tpyher noleheok

[
* Messociay Coupeblonl Cab $ “big O nolbion
: Aamuy, Shabil:ly $ chl-’lnbnmj
. F'om‘inJ Bt #5 and wackine €
* Shbility
G C...JJ-‘“.-,J
+ Norms

b Vec‘-( NolMs

* Makix  norms

Measuims ( ompuhfional (ost

* tumerics. # o" r’ﬂf‘ - ponlw‘nd ro,‘n" orcml-"ns (+, -, %, %) N,AMJ L, an
olyﬂ#-n
Memory usasc of  shorac, # of ﬁmﬁﬁ poat  walues  shoed

* °fw'¢4 s@.f, be & of ﬁofn vt;u-wcl M. an qsrnpla/-c seasc
v how doees the # J efem‘-‘us IQM-WJ scle w/ ph“en size?

: UL.:S O" nolaton...
‘Bl sl Axsb Lo A Gd:“") we a dect method, T(n?)

means . H ar«a"hts l!’w‘/eJ (n) ‘:ounéJ ﬁbﬂ ﬂLDVt ‘7
[nsl C>o L sum‘ﬁ‘fﬂ”’ lec n

‘Del: o fuckor f0), teR = OCGw) £ 1 Cr0, CeR s

If)lc Cath | geh>0 g eR
(more Denm“,, a[b weatl 4 a I-‘M-'A‘aj sase, elhet ¥ }2T | or V 4& )



* ‘hlus no‘n‘MJ weaswe cas} of Qa nljﬂ‘n'#va via a Loqu on i/s smbu3

in r/b“M siee 2 Conpl«.‘lr

 plobleets anising fom L. aly. Clhuse Wt oduit dieet mcthods)

Cun  in "fol,n-nml fime"

1P 4 he closs W polynemiol fime  problems L oal problems ia
P odwit an o{}«-‘ﬂm thet fmdum soln’s using 0'(,(0)) Shps
where pir) s a ol ynomeial of l.’n,’lc chn:e, n= probless siec

« kb wethods are oﬁq denived pwq orhm‘zo}.‘on
“5‘“‘"7 M:nk-‘»:j n I&/ﬂs 01? convergeace analysss

rr‘ Aoy c:nfL-x-'#y

o NP s the clss nﬂ nonJobm.‘nis#-‘c ral,nmfal Jome problems
‘Hee & ne  Keown folynomeal fime metod f-f r’OJua‘nj

Solas E_f CML;MJ.:'.‘Q‘ orlm.‘zol-m ,ml.lms

whose shale spoce  qrows  exponeatall,
.LA' lmy Soln an Le vanftJ " Palyuaﬂ:‘n/ hﬂc A f'.“”' sige 3

'uSun”’ #.nk F’J'fac“'l“t al IOIJC ..\‘m‘t (Ma, Le exrb\s;ve)
NPz inkactable of /qrjc saale

Slope =2, “guadrabc fomae "

Slbrg:l) Nvear hime "{3‘-“““"
§ polynomial fme ab.n“wu
“o| ¥ hoe licet cosk in |
g _E o€ Jin Co: i log
\g‘: "-§ ’03 r'OI’, S‘urc < Jeal!c
81
Qg""‘u-y """ A~ === == Comp. budggh s max 4 of operahons
AV
= [/
~ i | i o
_g.\ ! " : E le’ a‘a.rﬁuas" are a(n)l (48 &(n))/ cte.
/S
AN | |
v s 4 5

—
wax  solveable lOs( n)
Size



Acc«m;ot .quL;H; 3 L;!J:L‘an:g

Floakng - #5 . he conp. analy o scdkfi sohotin
“problem. compuless  an't represead oo-ly mony 45

so ey ae respuckd b o fule subseh

© Subsel we use ore the ”adhj fom* #5

0 Qt'_r a sct o‘[’ f/ea/.'nj ro-ml #5 F is delued by:
l. a La;tl B. .‘mL-Ju valued, > 1 (in prachie £=2)

2. a precsion, t, ilbegec valeed | 2| (in pmchee b2y | o 4-53)
(3. a smlcl E‘ .'.Jzau valied, 21 & ﬂ; the swallest 3 /wsqi
#5 m F , . prachee the  swolles} & /ooe;l #5 i F

v /o’“?, 103%)

hea F s ol #5 x st
CHEIE L aeta ), cefee

(dea: is do beak b real lne iabo poweis of B, fhen seprale fhose
inkervals evealy using sesmn{s sfozeJ n(c.lJ‘nj o He precision.
b s lobwer 1wo values  coninlled i “EI E.)

B pr2, b3, E:e

inkrval assecokd w/ e=|

Symueleic ',..,IIIF ' l
T o, '
1 :
] t T r
P-l s £ Py £

kvl associaled w/ ez

'C‘tzk: ;f ~M= F‘V‘ #'u %ri F_' So (%) Pc= F“‘ é—Iow utllpcm# nf #c e MIGNQI
F gl Mo st se (2)6% 55 (5)8 b & behe g€

A

Spociny in et inkeval: (%)F‘-(;’;)p‘: ;l.?)lg‘
so, u " iﬂkm;‘l divide inlo evenly srach 565'4“[5 'f siee (;"’;)Ft



"/ 1 8] l
Symacleic on refleckon 5
& 1 £ " +

inkrval assecokd w/ e=|

[ ] ? r
Rl

\4

inkeva| associaked w/ €2

* Wua} s fhe ,n/ec-‘s-'on J) caleulabions using F ’

D_e_[ machue _epsifon, 5-,%/,*"‘ (e e qop bohean !, and e next lregest
& in F)

'501 a ‘owe( ‘~‘MJ’ on Ia’cmmz of u, w‘cu’nhon (-'n a I!Hn‘ve 5«5:)

O IEEE Juue f'a"s"M H;C/l 6": 2-53: l.l"'o_l‘

“lemmo: i e [magF) max(F)] e 1 x'eF s
,x-x'l‘

¢, & Ix-x1<E, x|

LMJJ .‘r n:,k‘)F rwnJFnj Io the MMJ- 8 in E Hw,,
] €20 si 181¢Em and  Fl0) =xCg)

Q Axu'om af floo n‘uJ- N;JLML'C,’ aQSsume #vn/ owr conqrulef: .wrlc;«ul a l;a;c

sct of opeabons (4, -, %, %) Ahrough l'/qunﬁ pout equivaleats (@, O, ...)
£ PO} sk et I E20 ws IEICE, and

x@y=Capdlivg)

* con auuanke a@wracy o e basic operatioss  up L £



‘Aawa., ‘$ 5"0%'!{7 of proL'ws ')I‘OHGM "ﬂsww} .'nfui: X, a '“‘°ﬂ’"",3. f,nc{-r‘an f which
rebwns  deswed oulpuls, i-c. Soln’s
“le} [ deack the approximale sols produced Ly a

co M/u la LMD’ rou{n'd [4

s pace of npats
{
* gien f.'X-—)Y , (XY e vechosr spows) then:
oIr*B
. 1 Peo - feon
Dc_f e relohe ccntay of f o x. I Lo

~

fom! e pumenml puspechve, we  desiyr !  but  Jout hoe

conlrol over errees m e iapats 5 islead J”LB" L. .slg[.;/.'l7

ie.  relofively swoll errors 11 We  oufput  provided swoll
ermses  in e inpat

~

. SLL;L‘Jyf J:M f) fis sl.;l,k ;f vV xé X, % s U;-xll/“x“ = GCEn)
thea © |
I feo - fezon/nBezon = OCE,,)

“

m:a/|7 Ye rah# answer o newly the rﬁl& probles .
* Backwerd .5'@[,."-"47: gver f' r;s Lackward  shalle , ,‘f v <eX Iz s

feo-= f(;) wheee 17 =Xy = & (Em)

I exactly the ri}hlf onswesr to nwly He ﬁ:jhi' Pmblen'.'

" Condioning’ wheher THhe degre fo which  skhilly s ackevable  depends
on e problr ve e by b sole... seashuy of oulpels {6
Yo apals %
e scalng e hiddaa” 0 biy O shokerts
che # JB:B f aceyocy lost 4y applyie ,‘: (gvea
Ea 210" oaly hoe 1€ dyb o lesc)



. If rﬁ inpals = oulpels (sl » soln), seasdinhy vf f(x) k prhelatons

m % will bound e SiaL.'Hy of  lbest ressble f

° ‘f f s ‘u‘)"[, Scasihve Io Mﬁa’s ?f Canpo } Lc stalle }“i" nmJ-'J\'oan“

Ulose awragy)
‘ff f S nol J

2 I' could rehom most }»«w".,.,‘ldlwd”
of JB:Is oS 0oy

- Bound the ‘“5'4"""7 ol f ﬁm above w/ NJ.Au-‘J; of  Swmoolhness
condibons  ou I
~Exl £ s Lipschitz contnows X wf conshat K.
hea Y x,y€X

Wfeo - FGON
I€c - foon ¢ Kiiz-ph =3 ,C"L‘—.'", 4

se, b x-FN: OCE) 2 P - Pyl = O(KE,)

* Bowads on SM.S-'I.‘VJ, or ", [rom Be/ow‘ Conditipa 4, K

- well-cond. problems hae K small

- ill- cond. flbLkns anc A lﬂﬁc
- I&g g @ rrablm iastonce {,l: 2) an absolnle  coadifion
4, /2(()‘ %) ard a relahe  condhien numbers /Z(ﬂ‘ x)
s %) - Yol
FRos o b sep I fexe 53 - ool b, nsf
$70 5,48 SN S0 I gxNh
f | [[FYYERY
- I.'u S"f M/m
/f(f,x) §%0 lisalles ( 14 RAEL
. &“’,x)

wersh cose lws i velobve accwme o (£ x)



'E)_‘_: le} r(x)-’ X - X, (rmLkn'aufuk the memwc in 2 mfuB)

wox £ixX,) 1%, 18

thea (sce Tekhe), K(Px)=2

V4 = %

. sublachon of o /ubc , similor 45 s unshable
requine th relalive precision in ,'n,.,# b relon precisioe m ,,,lfui

C'Mfﬂv‘ml' Since I‘ouﬂJI‘nj esfecsS f’- 0 w.~M~c#.z qre /t[ol"‘“t

sublmclion = unslble when 2 #5 n:ul7 cancel)

+ An example ! J,I’Qul Mq#cmh‘cn‘ly ep.‘vol&v’ slalereals ot ove

namm‘ca", distinct.

3-2:)0, b-Y=1, gl-107l > (Bex)-(24x)=)

bat KlE)=z2.(3+x)= O(x). (3+x) -(24x)) ¥ x
Lv" 39‘“‘ |ess s#nL’c as X 310»./5.



WCCK l - l,:ncwr Tronsﬁlnnl{ons
EEJ;@, &2 5/28/§3

* Logifies!
“HW 1 posted, dee  nexd Tuesday (17 m-‘Jn:’Jh{; on  convas)
* lab sessions and omu houts sterl ths weeK

*Read fark I, shel  Fu) I (lechwes £-8)

* 604‘5:
. Nol‘ﬂ.s
« Veclst porms
. Ormlo( Aotms

. C.nJ:lm.*g revisiled
o L.‘neol Tmns r-unl-'ov's
. Veckr Spaces ond linear or:ml-r'vns

0 Fnk Disensional  Linear Tm,sﬂ,mkens

. Srcclrn' radius 3 condibion #5

. R‘i’i . Com“.‘m:u q

‘a probles s mll, a  mopping [ [fom .'nr-ls x —> oufpuk f(r)

“"'f"‘"’““"] appresimale ﬁ(ﬁ) w/ F(Z)

’ DLI'.' g a probln isc (£, x) and a aorm, |- Il
whee l'l X"YI XY or veche spaces
an_abseluk _cbdidig by K () ond relalic conddion # (£x)

" I r(“‘ﬂ)' r(x)”
worsh case K(Cx)z dw su —}
ad el it “5:”!5 I Sxll ( ._?
einf i

nq#ﬂtﬁ"ﬁ!"
A e)x Lo sop ”""*“"f‘*>y il
§20 nsxles "#(*)” =

X

cExi kb 04 - x, L xeRY, Iell=maxdins

what is /2((',;)‘ KA ?



D e ese) - feoyll

! rx g ’:‘M Su A i A
ﬁ( 1 ) S0 l“ﬂg_‘s )N s;« [} ” J(x) “,
),.‘:‘i),.u. )“l:(.) {(‘)
where J)- i - fe- l",m r /é\(l: o
Lo )ke o

f(x): IR‘_)R | [(x): %, 4, ][x):[l | -|J

Mo wsiag ¥l = max BIG1E Hey MLV U7 N0L 4
N Y RP) J

I r(x +§2) - f()‘)" I $.1| ] p(uS;) - y(l)"
B0 b 2 {_ A T [ e
)l §Ae§ IS Il feo

570 NgHles
A LT wmax E 21 1%,1%
] (Y Z % - Yz'

. fo't{u#ﬁ a JI{LA‘A(E 5 ill-condiioned [ war Ela) 16,18 > 14, -x,1

E-x_ Co.mr-k (x+1) - x=21 9 )1-0 =

2-| <1 wathemaheally 6744-\/0’9]"‘

H-lg =l but  Aumerica l/y distinct

/f”:»)-' LwmarElx) 1% = O(1x1)

* Notwms . Measuting  siec, how L'b s xeX?

'DL[I Jives veclor space X, a  nerm II-IIZ)(—)/RI Nxl) assigns a real #

b oany xEX such that
l. Wxlizo and pzllzo M x=0
2. Netall= tu il
3. Manch -'ncr.nl-‘i’ I x tyl &1y + ll,ll v %y € X



Ex guea X=€" ther he b norms o defucd:
”"“r:(.é':‘x.‘lr)/r < “f"ﬂolM", P20

o pzo, lxhy = 4 oﬁ ealnes cf £ o = cm.m/-‘17 of le Surr-r/» o{’ ”
G) f:', e, = g. 14,) & *tari cal s mankatlan dstance”

]

- '/,
i r:Z, Il*("z = (2, x;1 z) ¢ & Euclidean  dishauce

(v) i pren, Nl = marx & (613

L wwalze the norms, aﬂu use the  “unit ball " associaled o/ thosc porms

Dl e wnt ball s Fx 51 Wxl=i3

p*2 .c-np

- Notm E74.‘valMc’/GnsHuoy: o norms “'”Q and II-HL are e,u-‘valm# £
J¢CeR' ccc st

clixlly € l<, €Clixll, V x.

vExl all p-norms w/r:l are c,-xvola}... lets  cousides Hxll,lﬂxllzlllxllw

1 | !i( xe[Rz

R A aan |

AN TN i, =0
| T L lIxllpe NI, & = VE 2D, £ 2 1ixll

T o 7
v,

“w

1 Conkaies” iy l

7 sl
i ,="% J




geseiallyl £ xe € Her o ¥ Ly w/ 14P47

J,,l/)

lixllg € liznp ¢ m lixllg

sol N, € Uxh, & S Nxll, l
xllg € Nxll,e Yo ixlg 2l € %I, & UM, ¢ T Wxlly £ w1 Dxllgg

Nxflg € Mxh € m x il

‘ﬁuﬁw L] f"ﬁuq“#ks... fv"ow fro Holder s Mciuafil', P Cauchy~ Schwade

7
Jensens .'nc,..ql.l, when convex

- Mobeix /Opmlw Notms: oo resfcch‘ws

l “En‘n’wn‘sc": heals A€ ["“ os a lst of wa a4 ..
“Exl frobeams aotm NAN, = (£ 1a,1%)"™
=

vews A as _sowe aLJenl

l. .‘Imlacal Notms . view Ae C'“

a5 polamciaziag a branslom Tee): €" €5, Te>=Ax
lO'un‘u rorm)

D_c{ Gvea ¢ € veclor spoes  w/ norms N -l -l the ‘]
indwced opecales  nocm J Ae €™ s
R RIS LR
xe€ e C’
. sige of maxisum  ouwbpul  (measured w/ M-Il,) g
inful' X SJ. ﬂx”q-"

eol IASH € HAIL e,

}mn#ﬁviql "0 Cbm‘wk n mzs+ cases

'Df inJ J “normMm ol) A X ",

Det’ indued p-n s . fﬂAx“rg
M;(u'fl [ !' Antrts

© MaxXiMum 'aqolfgn‘v‘o-' unJcr Mw".‘r’-‘m’)‘oa LY 4

o Ax
Kk

J

/7 IIANZ




-ofdn"o-( notms inbeit He porm er«;vuluc, o[) the
veclor pons  that induce  Hhem
* allows amrusm/mer..ol-'lk.s re/alv'ns ormlﬂ' N0 rmas
. mﬂ‘ Since  Some indued p-newms can be c.,..‘ruu enleywisc ...

fJ“' coluwa af A
E_‘ ”4".: lz::éé ‘°3|§ = ::::3 I ,alJ”,g = “max ol sum”

AL e 191§ < e § =0 < s e

Why?

° Iao: c5u 3”A ”g .
ARIES M e
£ ; J P
quuI:l;Jéng, € EIgIIaN, o HAL s o weghed aeny

°f he |-norm af the col’s opA
s‘::':éﬂf’;u,i w/ eqaaily if x:c,,-‘{é]“
e M maximiging lla, over a”J
(X s indicalssr veclss L( l. op wayiaal

Sum)

- Al = =, FIA,8 = ...

. £7u~'vnlf457f g Ae g™, ‘l-'; hAn, < DAlI, ¢ vm ”A”p‘ ‘é:. Al < liAn, sfn—lMI"
and, ‘7 Holder :

JAl, ¢ JUAD, Al
cuschil suce  BAN, is hod ko compule, bub e mast nohoal
whie AL 8 1AL, oe easy b ampae.

{ 1t 50 - Peorll, }

1 $xll,

0 E{ recall ,{’(x)fx‘-xz’ /2.(‘7,’)’ fim sap

870 lIgeli¢y
Jacobian
{ f s confamously J'mmﬁbLle, f(u $x)* f(x) +J6) §x + O(5x°) (hocal Toyler seics)

‘r smooth burak notms

Jis01 , 5 + 95 ) | ) 5
So Sim 2M"} = f‘; i"J*—'O(b} z Sap im_—”‘} = J(ﬂ)““'n

x40

n:;l:s i B 341, LAELN
wed wsed N-ll,,. . 3o weakd N J6llpe HLI, 10,0 1 4122 K.(:2 -
Mgy, e N3CN max§1, 18 51, [ e E =) pliaier

iaput 4, %,

# Wellyyy v 022, el 5o éslncx)uze{ | € I3, €z el < vz ) Ky o€, v2]



5( C..J;Lz,;.b af division: f(l)= ;i ) Yhea J(x)-‘["f,""/xf]

Nxllg, [LARR P AR YA
” Ktz Koy == = = = e
o KL 13l = On e 150) B T I AT
1,0+ %)

2 = warflxl, 12,13
14114,

1%,
lxllp” mox § 11, 151 & WECOIL" 20
v € 2|4 maxg A ‘_‘5'}

1% Lty

PR SOTRRES 13 "’7"“ v dvsin 5 l-conddioned i 14122 11 oc Ix) 5514,
Grpuls ox(’ dlen scales)

94/, st division nl’ #3  whose relohie  orckes J} mJuIIch
are  not overly o Plreal.
cxru‘ ‘v Io.sc as  Many les .l) a«vm7 s #c re Ia#w

o(l:‘ﬂs of Mt:jnileRs o{) #I: .ﬂru’j
i@ av.,‘J J.‘vIJ.‘nJ W’ I\oc #./s L/ W/ small #.’s

- Aumerical moral ;



T‘lme,— 03/30/2023

* Logshes:
* le fukc‘, Ju nexh Lm/ay
0 F.Is’ kb session on Fr.'Jo,, 300 - 500 pm, Jones 226
. Resomcs ] feoJ-‘-J on  discrehzobon 3 Jnmw.‘-j r,slet.‘

* Goals:
 Lincar Truasformahions :

- Vech Spaes § Traashoims

* Discelizahon exomple: diffeewiay 8 convolukon

* Makix fradecks Cpeoming licor Jeansfocmns :
« Cosl/ Compleily
« Spechal Frspechie
. C..-J;J;..,.-na

1 L‘ﬂto-( Trnnsﬁrnal-‘cns:

0 Qgi.’ a  vechr space V s o set .I’ oLJuls ve V called veclos
cqupped w/ veche addbon, V4w 3 scabs mallplcation, otv
(over o beld) that s chsed wnder haeor  combinafion:

§er vweV, scalws o1 vy pgUEV
[ E—
lirsor combiaalon

° '25_(:.' an orvohan/f"nnsﬂlﬁ T: Vow (#ml’ waps bedween veclor
Spaces VIW) is lneer £ V uveV, «p!:

Tons gv) 2 « TG v g T0)

]

'E_x.' L X:€"all Isks of o complex I/g, AHL“
e leb Tte): Ax ke xe €°

T ¢ - ¢
pS *
X Y

and! Tlaun +gv)= Alsus pv) = o Au + gAv: @ Cu). FT(V)

Vv & W
G\Tﬁ):H\O
_

T



ok Al bweor boasloems T XY dhuees Fite  dimsasional veche spaces
con ke eqrssed Tz Ax [ some wabic A€C™"
 Consequence” approimole lest Horshortohons aumically via  mulkphabin
w & walix A
- View wiobrices [mabeix prodacts as  discreheed  fraashems

° le“‘ /-ok a‘ Somc o”rtl mfﬂl«"/tnlz{dﬂ: veche spaces 3 ossu.‘nkJ Jton&ﬂs‘..

“Exl e seh f i bices, €7 s 0 el spoce
g ACC™ ol dnalems TeA): BAC £ @€ € Cect
s a lecse dnusbrabion...
Check: B(xAepM)C: « BAC + g BMC

TlaA +gM) = « TA + g T(H). V

£ g a:C, P fall plymemints W[ sige voable o degee £
Bea pe P 8 1 coellecals wlp) si. f&):é -(Jx"
cis His a veche spuc ¥V M7 wpeo v s oge0 = polpromal [ by /
cwhat s s dimeasion? mai
s Mo Plowing lncor 2 check closed wodes . ok /
Tleler: g L geP”
whit s the spoc of oulpuis? polynomials of degee i,

)
P

. Sunnsc fli)=x+l. What is fhe  mofeix mflsm!«/-l.'m of the Ia.sﬁ,n,’

? Al - il
. T[p]= (‘“)f“"):é(nl) "J"J=_£'{,‘J , £ .{JxJu ] z FJKJ
J7o J=o JTo
PCrI=) Jtafrc 4l polynonial
Po Doety
FAC R AR SNETERIC TN BV Sy SR Pt
an'l . ol conl. 'E ”'C 1ol

] q wmateix A s B: Au(, A s (ma2)xlas))



“Ex guen de dowsn 000,11 e seb F all conbnmaly diffwchec, bovadable
fachos B0 2R s o ke spoc and:
LT 20 s o b boushen | S (<Fop3d-adlipdy
270+ JF s o laear honshem , ...
s. T’”’fi;“* (£YF 4 o lome | Iuain |
“Can we opproximale hese w/ o fale dimeasionol discrel:zobten ?

- whal etrors do discre bization inbroduee 7

*lets \‘17 Jo drrl‘p)ﬂ'nnk j; , r;[a‘ 1] = m‘ we'l| ascurr
that f s pa,‘u/"c w/ petiad |
o lets discelee Hhe domam Q-[o, 1]

& t o + >
-} L ax )
)(J:J 0%
n-1
2’45:0 | ax: /n
o replue ﬂnt‘l"ﬂ’ over N —) samples igf.:: , {;: f(,(J)
saark;'. e‘!:;f ! ‘7_;= f—f{f)'ﬁ

)

13»‘-(‘ snuf'-‘-J .f 5‘;

appror ﬁff [': Do b

Converycs as ax»o0

.
’

ke b bid Dol Rl te e a0 fip
i BIES h - ax

R RS [(FY'9)

ax

mod(n)

o I'J ‘—'Alﬂ(l;,,‘[_.)= D(Al)r

& t 3 + ? -1
o il D(Ax)=:|:‘ "-,’_.. ]}

. d v
'E_xA 3ivM HCIR, Cau’no#, Mc sel of LouanH: c»u"‘oﬂs rQ-’R | 'Eﬂof 4“‘1555: F(ﬁ‘d")'r(ﬁ) fiﬁ\

. i o J !

s a  vecler Spoe and, given K:nza 2R, |kplee a.c : waing T."" TS f(,:',‘,)_» ffﬁ) ' (j},{(’ﬁ)) ax
T(f): I K(x,y) 1f[,) JI s o lnesr drossform : + zi(gi:r“ﬁ) et
| yén 0 [} ’

wkaul J':.Jlm | & 0'(4"")

Cery geaeal, inclades ol coavoluhions, Foyrier 8 Laploce 'IM.{‘M;‘ eke) “',(r(ﬁﬂx)-f[ﬂ)) - ‘L‘( f'(‘) 8% 4} (i'- f) 05

oh, .. and in lwds ol diffreahel & kamJ sperakivas. + O(sx?))

“he Ruckionl ancly b wcleix vechr procs...

= f’(KJ) + ;L("J,)lf({)) 8% + O (s,



« Malrie Products:

' inner rr-JuJ.' rm‘u‘ 0‘, Jwo  veclers u,veV (r0hakon: ‘v ‘,7 o U-Y o uv)
{-,"2:V*V2(C sl
|. bilinest: <u v wriluwd v VW

and (U, viw) 2 Cu v +&u,wy
2. Lou,v> = «aluv>z Ly, otv>

3. commutabve: {u,vr=<&v,uy

—— indues o norm:

4, ¢v,v>20 ad z0 ff v=o «—J

/- cozuujq‘e Jfansfosc
;J-D V [} ﬂni‘e JmﬂS.‘ne‘ ”'m

v, ur: viMy
L( VIMEC" Me ¢ pd, aud v*:[V”\'l,,...V,]
usuolly

i = Cv, v>

“I
) - u,
ourzviue f.vgu., ——rowresl. [,V .. V]
J3 ‘e
e i
sum of clemeatwise product L

Z. ﬂalﬁx—vcolu pm‘uc#.‘ givea Ae CMMJ xXE€ C” Hen bzAx where

() Elementwise: L;: [A ‘J. = £ 9, X,
o s g i IEl —lbp ==
o
) Row-wise | view A as a collchon of rows, ¢ A= — % — s

eoch row is q veedos
- ia ’ e put e
la c, pot spa

Axes o seies of iamer products : %
b [Ad] s (= H s £ E=) - x

(—cozh to‘. s a va‘.! in
inml Bt inn
(i) Columa-wisc: view A as a collechon Wf columes, ¢ A:

a a;..a,|~

A"‘Bﬂiv‘wonl.jﬂwulkof/ﬁ l' ‘l

Ax:

oS>

|
£ Q

J"IJ

L

WW cc th's  combinakea

m
w
>
“w
T
o =
o
~N
x
“
AN W N
b}
~
1‘
s,

' Q. 0y /"
(I . / )
— Y
—
A wafy acfPieals

of fhe lnor @ubinalion



3 Makeix - makrix _producls: given Aed:""’l gec”r ber C:ABE L™ her

view A as a colleckon of wws, B of cls
‘r.l“ coluwa .f g

() Element-wise :

H'“: | a
¢, [AB]\: (— s f A—)- L_, = 8 ans,
K= J
Iﬁ ' WI
l
—p¢—
() Cohen-wse! AB < A[b-b][Ab-Ab] () ...

€ e ue €™ ), ve € twm

“imples the oukr produt. ue C", Ve
uV uvl, ol uV‘

Ve Il J[v h v]= [a 2, ﬁ,, u,v.

(‘V> Cuﬂ als:: Mrrlk AP viQ a Sum oc ouk{ rmJu‘s
AB‘ £ (k“‘ l. ot A) (k“ fow cf 8)

<l

Conpn‘q’wﬂn‘ Cosl’ /Conpkfily or Mq‘ﬁ'x ffoJA‘C‘B: haw exfeas-‘vt o€ Hld}: oram'-.ms

N producis
|, inner froers N4 Kyét - x ,-Jé'. %1, 2 2-1 addilion 2n-1 2 Ola)

€ ﬁ" — Ax:m iAner .pfoJ. o‘) veclovs J sizen

2. mafix-veclot: AE Cmﬂ,
2 0 (~a)

3. wake cmokie: A€ (‘Ml BeC™  Ag- wp inacs prod
= 0(map)
AB, cast O

" Be € o comp.
cbic _cast (i flopa)

b e Aec™
“dll, |os a

w™aq ‘-NX - Ma»'f"x

] optivigd or rq.sltl mMcHhads °

Schoolbook O(ns)l Shrassea. O(n 1.807)‘ Carrer.sw.'#- lv/maml G



e« Can also srm’J cnnfu{-nhon Ly &f{o{*“l\aj Slewchwe ' onr  mateoces:

£ A s sparse  (# of nonzeso eabes of A 2 ) supp (] ¢c mn)
use  spase  eperohons st Ax = O(lsurp(ad))
“leb sup(A):3iy s). at0f
“he  Ax ol equies | sl $ | qdddon per aﬁ;’o
50 cos} using  Sprsc operahivns s O (lseppA)
é:_ D(ar) has Isuppl = 20, sizc ni s of Das) f
s 6% whi expla-‘#-'n) sposity, Olr) w/ spesily.

2. symmelnes J A b speed Comp.
Exl A iwplemeal @ DFT on 4 sawples
we wlbscole spm. of A b pebra Ax 2 Olo £
o ol ccomplest fish Hodamord, Rk Honke| Gosshort down diagpacts)

* 540';;,.‘1’1 .B CgﬁJ:l\‘onMS op LMW TMI'SLM‘: “5““7 /[7‘..‘/:; a J‘m/f/l‘ PUP“J'W on T Ax...

B _-Sfccl(0| Pﬂsrailfvt:
— T T ]
o watices A con b Lc‘M:J ino “simples” Puckots: A= k FgFt‘Jn:'i
where  the ﬂc‘ws E cach faﬁfn a “simple” Jroushrm.
'Kt, roclbliln“\'on,s:
Ll AecC™ duqonabzable (3 a . ind vechis v&EE]

sl Ayedy
fe somc scalor \eQD
e VAV !
R v[”."] ' A[ J=J.-..3(x.,>,,...>,)

— -
"b“""“"’ )t 2

2. Siaulos Vohie Decwp (5VD): Givea any Aec™

be: A= UEV"
whee : ’
?
¢
— m = —n— —a—>

V, cor Vala

“f V1]

5
fo singuler veches



‘Ei;ﬂ“'“‘ ExaMcIc: ;f A€ ﬁnm w/ a ey chrqu} g.&-,,mkn v

hea ¥V xe€ 3 ye€ s) ><=Jé‘1_‘r,=v7:77=\/x

in e-geaboss, A‘V.A, J”l scales ‘7 p)

o Ax VAV VA - Jf, (A,) Y J[, O Y,

S/“

3

2 o

Hen A =

)\:ZI‘/z So

o
! =

and V-

Jw

Cxawple point . = [02]

. ﬁ A-VAV'
.. exists So

J

3 ~ N
. \
J ~
N N \\ \\
~ N
. 4 o N S N AX 3.
\ » x N \ N @ 2
I AR \\ b 'k’ 5/,
N N N /l’ A 2
AR \ ~
\‘ .;\ N < ’I l' \\
R V2 , N\ A A ) ('\l 2 ! N
2 N 4 2/
\\ v N Ve 2V ‘L-.___J )
O°C \ N
A" ~ \\ N
N N N \
N S >4 >4 S AR
N N
L AN N S AN
AY \‘ N
N\ N N N N
N N N S \
— \ N\
. z Al N
Y N
&
LA
(4
LS

\/-' 41 clnnﬂbe o L'lsfﬂbo;,s :

L)

(V-]x)

-—tm o~ = =~

\Y ﬁchqnjc Lﬂtk

fo cononicol basi<

(omr/r.s 5

f
!
‘l : LV x
] TR : A
SRR S = ‘
| ) | | )
f ( ) | ]
| J : I V‘—)ZVI (
[ ) i / |

\ ! I

>

(stelch, sale,
ollond )

[




. »
. SVD . A= Uﬁv (HM U‘\/ hove L nemalized Q'\lﬂﬂs/ £ J;njonall real, mmney#ve, ﬂonmﬂtﬂs"ﬂs)

bakes  one  orhonommal basis, V:Fv v, vak, and mops
it fo an ol#ojoun‘ basis, Y& 6, 6u,. €, u,}
* Can ‘-clp lo viswalize e J‘fnnsﬁlvﬂ of the wait Lol

/f

sk dall: Sall ¢ s lixll= 1§

I. Io}akoﬂ, L,A' fe}bL}M Jaean cl:on‘se
vT {}uhk/rtﬁ“} }l\c um'# Lo" {.3‘.’! VT)

2. Mu".‘Ply Ly 6‘ seale the ,J-‘fec’c'ons
[ L o, L, ¢

durns ”nc mil' Lall indo an G”l‘fsc
with axes Imjﬂ's e7uol o e S"»Sulnr

values

3. wotalion this one malers bl the
elipse s no} rotalionally
< need: Ve, =U[°'] = U,
Ve,= V[ u,
that means Hhat Hhe columms
of U, v, up e o e dieclions
of e priacipal axes of Hhe e”.'fsc.

C OIH‘. 'Ml LG.SI'S r.r
orthono ral Lo,l:s fe R r..ﬁA)sm" |

. so, A sends ”3“ sfnj\a‘nl veclsrs ivaJ: bo  scaled le& _s;,‘J.lu veelors !ﬁuf‘l

o what abeut AT? Az ugVT
A= VETW so V plys the role £ U R AT
exchon it B Ll sinquler veclors, singulor valucs  unchonged
Ao siaquhr veckis v, Ve, - wreab Mg elipse associoled with AT

° A‘ qus E"Jg.‘:l l" S‘J \{\EJsI



Weck 3 - L.'neo( Zansﬁlws 3 O:#Dmnkzaﬁu

Tuesdoy - 400472023

+ Logakes’
L
* Readig: fash Chyle T, lehre 1€
“HW 2 assigued, die next Tuesdsy

O Pfoded ‘ “’;I' P°S|’ Wdﬂﬁﬂlv

" Ggals
- Linesr Tanslosms :

* The spechal faspw‘ivc

* Condhioning & Shabilly

* L‘Mw Tfonsl:ms cml-‘nueJ...

0 ;Sfeclml ﬁ’rsfcclfvtf
-1 | 2
« malvices A cn be ﬁc‘ch ino "siwflu" [ A: F. Fg Fl’.‘:.
whee  the ﬂc‘us E cach P«ﬁ(ﬂ a “siple” Jeowshom.
° Kf/ rodu- zahons .
.l Aec™ Jnjual»'zaﬁk (3 a2 ln ind vechis ve?vJ!J; sh Avisdy
for  somc sealor SN AY)

g

ber: A= VAV . ;
v e

2. Siagulor Vake Decowp (5VD): Givea any AecC™”

ber: A= VSV

relahon 4o C-ydus/m‘us
whee! ) is wmrm 3 has L‘h/mlinJ wl's

672 N (ATA) 2 N (AR g b o)

Vi atm 8 .o U ebeumlm of AN
7 digml, GER' 626,262..6,29 - vy cietwdvs of A"A.
(Mxn)
" ———) —ar— —a—

ro ]l

r——
f singuler vechis

lefl singalor wechrs Siagaler valacs



‘Ei;ﬂ""l“‘ ExaMcIc: ;f AEC™ W linearly independent e.sumkm v

hea ¥ xe(” 3 7€ (ﬂ st >(=2 YJ‘;J
J:l |

3
= V7 =) y= vV x
in e-geaboss, A‘V.A,J»l scales l, PR

A —
_é. O, yj) v,

2 o [
Sy 34 Hea XN=2,Y% 50 - }
5 z 4 I/
o Suppose: A ! D e 2
/" 5/" Q'IJ \/: -
I ¢ ﬁ A VAV
I )
V 4 i eérxists So
~ J
. 0
Cxonr‘e FOM"’. Xz [2]
2\\ \ ‘\\ '~ \ N A
N & A \\ < \, X 3/
N 7~ N N @ Zﬂ )
\ ) ; ‘ A L’z}
V'\\\ \\ = /',
. N e 2 N
V‘ ,~' A V&L ) \
\\ l\l’ . A AVZ:E V:\.L’-— __J, N
\‘ "\\ \\ @ T g \\\
< N > > S S
N\ ) pR R < "
\\ N \‘\ = N A
N N N _,-l \\ N
. z ,./& N
> N

\/-' 41 clﬂnﬂ\‘,e ‘o c,sg,, L“S{j ]

&
LA
(4
LS
o

v
(V-]x)

-—tm o~ = =~

l

cbqnjc Lntk
+o cononicol basic<

f
|
‘l “ IV X
] TR : A
\ \ 7_—='.L ] @ |
| ) | | )
| ( / | '
| J : I Y - ZVI (
[ ) i / |

\ ! I

>




. »
. SVD . A= Uﬁv (HM U‘\/ hove L nemalized Q'\lﬂﬂs/ £ J;njonall real, mmney#ve, ﬂonmﬂtﬂs"ﬂs)

bakes  one  orhonommal basis, V:Fv v, vak, and mops
it fo an ol#ojoun‘ basis, Y& 6, 6u,. €, u,}
* Can ‘-clp lo viswalize e J‘fnnsﬁlvﬂ of the wait Lol

/f

sk dall: Sall ¢ s lixll= 1§

I. lo lakoﬂl L,A' fe}bL}M Jaean cl:on‘se
* rotale [ re!
Y {} ol reict He unt Lall {-'3«/! vh)

2. Mu".‘Ply Ly 6‘ seale the ,J-‘fec’c'ons
[ L o, L, ¢

durns ”nc mil' Lall indo an G”l‘fsc
with axes Imjﬂ's e7uol o e S"»Sulnr

values

3. wotalion this one malers bl the
elipse s no} rotalionally
< need: Ve, =U[°'] = U,
Ve,= V[ u,
that means Hhat Hhe columms
of U, v, up e o e dieclions
of e priacipal axes of Hhe e”.'fsc.

C OIH‘. 'Ml LG.SI'S r.r
orthono ral Lo,l:s fe R r..ﬁA)sm" |

. so, A sends ”3“ sfnj\a‘nl veclsrs ivaJ: bo  scaled le& _s;,‘J.lu veelors !ﬁuf‘l

« what dbout AT? Az ug v
A= VEV  so V plys the role of U fe AT
exchon it B Ll sinquler veclors, singulor valucs  unchonged
Ao siaquhr veckis v, Ve, - wreab Mg elipse associoled with AT

* - -t a 0 a
'A sends E"Jg.‘:l t S‘J\Gstl o A seads Elﬂ%s lo 5::'.'\(‘%:,



. Tllc srCCIl‘al fdsrec#ve lyelrs uml"s‘mJ Jﬂmsalms, J/«::f MJuch no/ms,
B ther thfln‘n-‘ns
.'nfw‘.s ,,4',[5
A '-A_’ 'J-.'
'Rccq", gien AeC s ard a poit £ veclor  norms ”‘ﬂ.l 0,
he aduced b norm oS A s
| Axll
HAN, - e 353 ":} e Fas

Rie

“Ex AN <z EHAALS

iellg=1 ¥
7 2 % [ $7 0 manmires AN,
| \ [: ' ] ) 3 fm Nl g =1
i G P ;
‘.' N
A%, Il
-‘uruls in ‘él MJ(-‘; o»lf-ls

. Jm:mly a  hord grﬁwfzdm problem (€2 cven L asb:2, Euclides distonce), o(‘/u seck  hounds
* Lanan on ”ue fnJuteJ nolMs  ar/s¢ AQIM-&“, cbﬂ Hne sreckun.

“Deli gun AcC™, He speckal radis of A, pA) = mocdl) (a))3
lﬂdan-'\lu't oe ”lc INJQ" CB!A\A’MC)
'“ucq:
P(A)S Al L oy indued norm...

spuee A
J
“A‘
« More genenlly, considec Jhe numerical ronge of A: W(A)* rnnac(RA(x)) wheee RA(*)= x*x

X Fo

v “
“R-,l:.al‘ Quobieal
by

VA Ry
: =

viv vév

* nolice, .'f vV is aa e-o«-cclu -f A‘ Av:dv  the RA(,,)=

M pumerical ange s o compact (closed and bounded ), conver  subsel Jf €
which an‘m)'s all cgmvulncs o(’ A

lI"‘) lﬂ")
L A s /}\g"a) /%\
0 is. .
iomqli A.A-'AA*‘ (=4 waluril7 J.m‘.ml-‘enUc P — A Y [ LIS

rea] € ~ tea)

compals | w/ " L ejgpaveches i ACA) I AA)
Cugusdg #hnsfq‘-
generie A nermal A

“uu U(A) S #c Comvex ‘m” ap ”4 Ci’fﬂv&l’ls



- especially wselol L’ s}uJy.uj BAN,  Gaduced by Mxll;J:*_- )

: __c_r.' “A“l=ﬁ:.fz,f”Ax"l§ 2 ’oﬁcs" rofio ol’ uifﬂ# le:)}l‘ Jo mfo# Ieﬂﬁ'

e *
. £ "AK'L | s A A< . ) - l
Bea! Al :;.rim: } . f,ff o }-:"r{ R g} = sut £lul 1 we vr'a)g
.M: A*A s |span ﬂ( n” Aﬁcmm (A‘AC(‘“)
and s meewadl (WA AATIRA AN @A) = AN (A*AY)
s w-“an‘ly J-hAch-'zaUC...

ld")
o WA'A)= comex hall f §X (A4} !/‘\

ftea|

= convex hull of 26‘,’(»\)3 ACA*A)
5 (nole: Re A*A
so, sl |l weWA'ME = max  67(A)F Shoold all Le real,
i’ n.n‘ntJolv\‘)
[ i iy
so, WAl = wecd 6’ m3 < 6 0a) AR
Al = &, ) L
moral! Bhe wduced 2-nomr of o wobix s b l
‘"\fa‘ () JMJ.J« value.

-wh,.’ recall the 3¢Md-7 of #he SVD

unid Lol IAllz1

“vc ‘eujﬂn cy ”sc 'onje.s" fr.'ﬂc:fq' s is {l (“P”‘ s \/.)

* Alows us b csily @mpule ! IIA*III-‘ € (A) = |IA||Z
(A" hokes “ =)
NA"N, = Vg, n

-l
(A Jokes U — é'VJ)



« Shil), er LiscssTrons forms .
S 'MM Jﬂusﬂlﬂn“ioﬂs (Ma‘h'»( floJ#ls) arg slaLk (K’WMJ 5“!)“5J €. ‘r(A,e)"AP MM r(A, B)'Ae*sf(/\,?)
180 . e )

whee -
|Allsl
1 /
em,msc
. imnee rm‘uk $  wbex-vecke ‘mJu‘s are shble $  bockword shable

P ScC fesovfeces on
(.‘(’ f(A.*)‘ A', r(A,!)= Ax + S",(A,‘) ‘srl/lA“xl = OJlén) Coavas
wd T P ) e Konosa, B2.00e)
. ounler fWJ“'s ot shbk  but not  bockwerd stable

‘ Jeumll,.' wafeix ‘m.l.,ds are  shile 3 backwerd shable
‘A" ICJM J""'ml'tl\ (-3"’#" brd Oulfu‘)

nob  backward stable if incese dmension.

e degee of shbily Count i1 OEL) shhassls)
deperds o1 e condiioning of bhe product...
“Ex coupe fOA,0): Ax
N0 - A | ) €2

I feaon T
condifioa # Cf A

° Cqu[L‘ans oc finear Jmuﬁms ym A€ €™, how illwell condboned are prodocks w/ A?
problem s, rqﬂm the M:AsLMaL‘on

e
‘3wm AE (1:‘“ 4‘ r(")"A‘ L and some aom |l - Il en C"3 Cq
A, x)

—A—————
HAC=+85) - Axll 0§l ) WA $h (el
K(A<)+ fm Sup _— _— 2 {'" sap ?—— e =N AN
20 “5‘“‘5 I Asll Nxfl 20 Ugdicg [[FE1] JIA=I
i

]

14

KA 4): AL

'wul' an X .M LaunJ,
D_cf e conddion # of A‘ /2’(/4)"‘;%'g’i("‘,“)s= "A”f:f’ 2::‘4_:,-:|

il A €™ ad s werhlle bea 3 y sl Ay o A-l7=" feooll x
(f ron-inverbible wse the psueds - inverse, A‘ ol y€fonyc )

Ayl ! |
. “lal. /i(A ") ”A" IIAK“ “A” ” “7 So K(A)‘ 5;{’2’“" ‘—‘ﬂﬂ;]ﬁ_‘!} = JIAll s;{.z%-fl-‘} 3 “A“ 1} 4“//



So, }i(A,x)f}f(A) V x  whee:

ke condhon 4 of A i KA =uAN NAT)

Bl sy Wy, WA= G AT mee %, %, =

2 S
w K- - 1

.lwm,s 'u! ﬂcuov...

cackee  JIA )l IATN s sym/f-'c wides iassion  of A
So"
KOO NANA"N:= K @A™
O Jm‘aj 8 udo:nj a liner '/I«.salﬁnl.'oﬂ ‘-nvu #1: SamMC wolsl' casc anJJ\‘M-'nj.

'&"'_: JIM Aecﬂ“" MN’I‘“‘ ‘MJ f(‘)=A‘4 f;")’ A." “IMS: u" wu.s" easc MJA'\lin;ﬂJ O‘, f naJ f-‘
aid o pom Nl on € fn: R IPE 10))
Il « J
KA, WA, € 1AL 1A "}= ) uf(”_)r(_”fr’ou Sk £ < OUEWE)
K N))- IIA"II%I < IA'NpAN

! f‘: r’( f; M. Gerune)« g hme)
14
il A does wob exsl, wse e psueds-inese, K(A) = e Liato

il e NNl ok cpubly Gt cse impd) whes X Vs, § & A

max

'”ofq'z A is  ill- coadhioned if—'

LA s ‘olsc 3> au,l:f‘c_s some spooll gt (swall in, by out)

X AW V]
3 / v
”M A5x
Vi

& v

% s, gl comblioed, K<
f inpels oot choagc  leagth
(NA<=Dell Re ol x...
regires specal lype of A)

‘ sts#um: why does e reverse f’oU!H (solve Ax=y, apply A"
cffa" He mJ‘l.’»ms -E Hhe ﬁwa problem (C"‘f"“ A-)?



* Queshion why does fhe reverse problem (solve Acey, agply A™)
cf&t" J‘lc am“.‘oniﬂa -l) #e ﬂ(wolJ Ptqu-q (zmruk A!).’

—
Compress .
j. L. __L
o= T >

X .A:' Y

I
- bhvious cf He ineese Jreverse ‘nroLlcn

i IuHem ua4
-if dsporale iapuls = similor outpets lene, fe inasc p

then  simlor oulpuls culd come La—l Js'nalak Mfub...

- Robice . Compressing upals repuirts  combining lome #5 o

ﬂunﬂffcq"’ unstable
make swall #5 (edhe JM‘J: L/ Icgc #,

provokes ' cancellolion
sullply by swal #, ot svbluct B neasly cancel) s
. Se, larises fom  relolie nohon of eror/ number  syskem
« recall
2 Su s 2 _“_)i - [F] . -t
KR): sup & A, D3 = <ep & KECAR) Ty £ uan S d i A
L—V“
HAI Campresion

faclor of in>ent Lom relabice etor
Lx. AN s large Focols of A we clse b lincarly JepmJM* (poralel under combination)

thea Iwac * ca be m”cJ b small y by A...

[ 1-€
br swall €70, £<l.

| 1 +¢

“Hher A" exsls. i“‘anJ{L‘meJ ﬁl small ... f»J l“ﬁ‘ « sd A« s very swall (neer 0,

col’s  nearly cancel)

)
~'ick: X [J thea il = CGClexl)

Ap%dﬂjxpﬁius.mmmwm

Nl

ina S CUE'D)  cu ke Az OUE™)  adbiorly luge as £ 0

en o

* ill- condibioned smce fhe inped X > Ax requires .cuL#uJMJ Iwo 1“3‘ (e25€) simlor #5

of
- need F-(3- 6—5) 2 &7, < ruires cancellahon,



TAdchy - 04/06/2023 - Orlh. 3oml-'47, fr.Jed-‘w & Orhhogonalization

: L.J:s#its :
“Readng, HW 2 & Fropet | pesied
* Tctlny’s kc‘wz w.'” come m 2 fwfs.'
*|12:30 - 1 20 #an, in  chss

ot half cewrded B fos‘rc‘ b cmvas

o 6‘_0'5'
* Whal lm..,ﬁm are orkm', condifoned ?
* ch &b we of‘\‘nilc He (on:lulfvn’ﬂj -f a Lasv's?

* leaJs "w

* Orthe normal /Un.'la;y malsces
° FhJenl:‘on

: Ol"”ujonol‘la\l-‘n ( Grom- Sclm.iM mES asd QR)

(s,-mc)
1 QIM-';SI\‘M: if /i{A)" ”A" 'M"", w‘m} A Qe of\l-'ﬁnlly (omeoncJ?

=
>

el =,

* JAIl = -Wf f DAH § < “erax awpl: z‘ca‘n‘oﬂ a(’ lenju.
‘M ” -‘“f g "A 7”} ['"(, f"A "f] i Mm( Comprtssion of ""J”'”

ll, A«

A-ly \_

*x

N\
N
3

1

so, fithye Eha LUAS
af £l Asll $

Uhell= |

fo acheie /i(A) ) , we need Sup £ NA<IE = inf f/le|l§

lixli=) lell2)

peed  MA<l=1 Iell=) Y cuch x
Wt s NAI Jpey <)

So }f(A)" i‘l

V x70 3 NAxl=(xl
Ttx) = Ax preserves /a-j#-... NAxN =Dl ¢ x

cusing I-lly, O oy

all 6 (A6 5o A-lut Lall) > cllpse
w/ rrﬂcflc axes of ’5.3“. §..

he wat holl, A mst preseve ‘6»13“- AN, =5 ixl, Y x
—_—
°a W'Y Sfec.'al c,nss [ A

llﬂi 1 HQII‘ICQS (“F b 3‘“/':3)



Univlon, / OrHyammq‘ ”al«lcu

[Ze__f giwa an iamer product C: > ea a  vecks spue V
UVEV ot orbhogencl wrd < > ff
<u,v>=0
"r”r:«af-‘c-‘v‘
* wsually, u,ve Cd, H‘V’O' indeepred L v
“Def: Ae €™ (m2n) is orlhosormal (hos L morm colt)
if:
I ezt v i (Na®=<a;, a,>) & ‘nupmal’

2. a, 1 QJ v .’#) € [l‘ﬁJ e~ ﬂuhn“y wu‘aaonnL
* D_e[' A /s u—‘!;'ify if -'1 B Spuoie 1 bhos 1 pormt cols
* nofabion . oﬂm we Q e L mm  wmakices

" fropertes:

l. QECMM) L osm ols ff Q*'Q-: I
I=0 g it)

lﬂ ;f i)

2. Q s uﬂihlf] .ﬂ’ Q*- Q"-':) Q*Q=I
Q Q*=I~]’=“K.}c

" why! [C?"Q],.J : ?;*?f

300 Q s wiksy, Hea S(@ =1, fi(@D=1
-why ! L consepucnce of

1.8 Q s wehry, Hea TC: Qu, €T0, TG5> (x>

T, 70> 2 4Qx, @, > < (@Y Qy = x*g:_g) PIEPLEEPIe
I
° rI!SEIVC IM;H‘S Q"J Qﬂaks oot I‘ﬂj;J L.J; i #Onsﬂﬁﬂnkbﬂs

rofahons B rellechons...



* the ful Hhot, F @ hes L nom cols Hhen Q=1
is  very F“’”‘e‘l"'

) E_." -‘u”usc Qe C"’j Q f? S

Jsﬁ
le a subspacc (S spnn(ér_ls,.) m'ﬁ‘(a))
thee V¥ x5 1 ,el” sl

x: 217-07 for some ...
FEIRCN

where 355 are a hass

Conversion X > y solve Qp=x

Y=I/= 0*0’30*)‘. e

(eabepunse = v, < [Q*KJJ =9fe A b v )
K=| Ks1 _
=0 “’JH‘
=1 -’f 32k

o expensc’ a inner products, yeclss lewyth m
wst Flam)
“felokive fo gqeacsic problen, sole
Ayzx ke A€ €™
cobe i dm of A
. and, ophmally covdition

o moliwales mtkms w/ of thonormal motrices...

PR
ot thonotmol ?

© Le:)s Yhe 7..:3#-'0.1, what s Q Qk givea QRecC

off| aa =0 foﬂ”'?

~nry ™ xn

N

™~ xn

QQ* is e elHnJona‘ frﬂcclo/ onlo rousc @ ¥ Spoa EQJEJ:, o

- why?  well, easies} case , Qe Cm" Q- [?'.]

e m —P

R R |
ol { "} it LDy (1) Py

g, g0t '



’ rfo cchion, o _review |

1 Efﬂec"n‘oﬂ ‘

° PraJch.w onlo Lines : Sy we o€ given a lac 1l v, and| @ |point

in space s‘oet-‘r.‘eJ w

P
) Ff:‘ec-lmn m(’ w oo vza pm‘ﬂ" on
(“:”/{‘—’// he lnc Nl v “wher w casis its
Pa - SLoJew o
v { W, S the plﬂcc"'foﬂ of w ok
v then the dionglc femed by
W, Wy, otga i a rsh{ h.‘qnjtc
Lou "0 Comfuk w
: welll, W, is Il o v so w=of9=u"-‘:’-"
. [ some scalor oc.
\\ "r-' o
VY > e bl Iz
v w = liwll Cos
\ v i
(\‘/ snce wnv i .'/‘Lv MJ v
c/ ] r.:m.. r.‘ah# J.m,,‘slc w/ h”w/wmsc IMJM Wi
adjacent side ‘b:jﬂv I Ul and angle Ou,
coohie! wWew,, W, W, LW, N, i< N e Gll-l-clﬂ:‘u s o)
Wy, = w-w,, 21, wnit vecldor
lotl = Nwil cos(d,,,) = Mull":‘:l::" = :—:"ﬁ"—

._-vv w= GV

’- >
=
~

..

v

g

P = m#- Hat

nr)"'l i o) ecls onlo v

% ﬁ'ﬂ(&l&( 0'1'0 ‘/: P"v 8 (V ) ",”l(vv )
. Pfﬂtc‘u 1 b v P“ I-f,  since Wiy I WeW,, &



- C ching L Fr s. P 0 ! I |
o ke 3 TERT T B G
3
. AT | T O P P S [T e
conlo a lne v: < v =W“z(VV ) e— lebs  check: s vlv= 60"
L proeckr onlo fonge(v) . T
. S N T op
.on‘p a Sﬂﬁsfccc V. e} Qv‘['t,'l. ...1.’] be an 1 makeix
~
whose columss foem o buss Lo VER
. Hhea fonac(Q\,FV-
1,
\l\\/
< /\\ we  can rfJeJ onfo each bass veclor 1,
\ ‘\" \\‘ \\‘ ) P 1)
g \v\ viq “’ i “l 9 1 s JJ
l
fange (Q) = V . »
a‘ So \J"'J' ('J'J )w
wll\l s i V=‘f”'(t":"'1a‘) So Vny s q l-'new
.4
: " combiachen of Hhe Lasis veckss..
" \
\‘—&"’( R VA R RS AT AT Qy
A ;/ vl .
Lot F e, S Mg b Y,
componcals of wil
lonae (Q) v b cach basis veclr
thea: w,, (4,0 w ) 4 (9w
CAACE AT XAD IV
d
T
s Pe ﬁ!ﬁ;ﬁ,t‘f*‘lﬂ;u.. 1
of, mosg coneiscly: I’ws Qv Q. ;
'wlq? --J-r—rulu" conveation
o :;.'f—"
oV J{‘. ' b
S ,
s B, w=£:(?1 w) = £, y (4 w): 2(9 w)?
<« > Compart bo:
o Q[0 ] b L owd aen, dher coel@ -R”
W’Qy Ll some 7. Q s L s y'QTvJ
~ | d
7J.-(1J1'w) S owe L(J’u) 9 [ é(%rw)vl [2-,451 w)lv

J

Wiy



. Vib_'y cloes #fs Wolk?

'5urrasc we ha a Subspace U
how do we Lw"J Py the clusom' ff‘oJeG"N 0"10 Vv

w "'LJC_O.' Supposc VEIRW: Hen led QV be an 1l bass
& V, led vt obe Hhe subspace Ly lt Q.
be L basis P'" V'L

Pen build Q@ L lbasis IR”

Q: [k!liaL]

or ;a:nnl cootdinales

enow, Q s wmem B orthouormaf go

we an Mu”.'Ply L, QT Jo cl.ousc C,D,Jlno‘t:

Chonge conrd. T dinate
T . T coprdwatts
w H Q w - Q \_l/ ] w = 0\; w assotialed w/y
T T
1 Q,. Q. w

W lec
l'(.? " cootdinade System

in 4his coordinale gystem w,, > the frst dimlv) Componess
T
oc Qw
hee L1 Pr-JuL‘on .nl-o V s Casy

T

QVT w QV w

+
Q"I - rn_\u 0 w

L,J now, Mov«'ns bock do sy of-:S'Ml coordinates is
alse €osy since I gt M.a”.‘plY Ly Q

we @@ 4o [&:18:8]/@] 088 4
T "y o o
So. P“,,:QVQV '

(v]
bosis for R™ :Q,QJN

Hat workS
neely oy




‘M{_ﬂ: gued basis ZGJ.%:,él-f“"eL}:A)‘ cn we combne the basis

vtdofs (cals a( A) b PIOJMC an _L not™. quis ‘“n" spans
S: sron(fangzl) z faﬂjc (A)?

G L fom L
wnstable fo
work ) Yis
‘L La;-‘s‘ hard fo
e oo dmvy basis
‘So‘u""oﬂ: set: 7' ] -}
/] =
1. i ¢1q, a‘u ' I ]
) " A(J; a' | ) QIJ) q )
1] a s de : : 1 8z-- 9 = "1 . T
A 3oro: °sn‘"z [""‘ T i "
¥ 4) o 0
1 (] q =q whee @ 1 porm  and fogc(Q")"f‘Oﬂg‘“ )
J ta,.a  iq..¢
)
. _ B J 3 } 4 (’_,)"
Compule! a";a‘a"’ 5 le,r,, a,= (T Fn’nquu) a, - (I-Q@7°Q%")a,

el ol e
e [é. W ?k*]".‘ fq)- é'(‘?:"_.) Wa- ,{f. ) %
——

f
“

* A’J’f‘”’_"' émn- S“l‘HJ‘

Sivu AE d:nlﬂ
. .‘n[-'{n'flc Q“):[] A R“’:{ J (‘cﬂflyl will ﬂ" as we Jn

[:ol J" n
() propesc a candidote direchon’ V= 9
() ol”ubua‘iu ' ﬂl K’I.’J-l

"
) vevenq,

G) IKJ B ?:q

Gii) norma lize!

G) 1, = vl
IV
CR Adrs
(v) shore:

0
1,

Q{,)= {Q""’} n ] I R‘J)‘: [_‘R;_I_Ji;,:’]

9



B A‘J‘Z"#ﬁ GM' SL‘V#[J;
e 5-‘vu Ae dlmm

+ inifralize Q“’:[ ] ) R"):{ J"q “ c"fl", will RII as we qo

a”smek nljol."‘vn,' IKJ =?K‘V

For

JS‘: n
() propesc a candidole Jireckon’ vz 9,
("-') “”l:)'lﬂ"'l‘ : ﬁ‘ K’I:J" Conrukj . qulJ-u - VJQ(J-') : fzol_,-u) Y
¢ r, = ¥ wals * O w*
2) [fet 470, | el glv (1= £ 0} v (1- 04705,
s v-r ? S
(L) v k) T V= Kﬁ, 26, v) < Vb,
i) norma lize: : r
FJ 3!
(0) Gy < il —— cpus N9, wpls 0,00 < @ = 8,07 - £lg
B -L °, . =l _
OR Sl g SRR WY XX t
(n' ) l 5 ] =
Q(,x [ .,.) ] R": RV ™ P —\ “
7 __;_A_. ," So 194" J) 7-‘ \

* imples a Jccaufasi{‘om of A..

oo 1 R

woaear <ginn] K j ‘”]
S ¢ 0

w‘wc. Q O'Jlunplmﬂ e —v— s
& fn

R uprer I'v.'anyll/ arn

9 QR Jemnras*‘oﬂ: given Ae (LMM) I-'nau/y l‘ﬂtlt’f(dl‘%} col's {ronk(A)-‘nf*')
thea 1 Q ad R si

A: Q R \'\/LW O € &M)M }ms al#aﬂarml ol's
[ w4 Reg™

i upper Jianqular.
“uado the 3

tllh.yalﬂ zation *
Ve/y powes fa’ Jea I"‘“,)“I" of ”’osml‘ao/-m only /e;wu' inner frululs 3 L coml.
conrls o sel of n lmawly A veches ‘A" Jo s l, normalized vechts 'Q'
and, by Sheing lhe ier producls imvoled 1 R, we can exprss all vechus in

AJ Soy, aq

, as a lncsr  comb of He fcm/-‘na q5 (“J’é" ey 73)

e Works n any veclsr Spoce c7u.ﬂ»=J w/ an et f/aJud.'



B Ex Grom- Schid} L ‘ool,nu.'ols

f‘:"LEO" fol’non.'nls oc &Jﬂ &M on - [Q,L]S
g e P, e 12 | pedqe de
RrEN

llph® = ¢p p>
”nal cwn tan 6S o copa} o sel J’ ngm, lin L polyaomials

A=fn_m‘ 0,03, agte), .- a0 § Q= {160, 5,0, 9,608 mJ.-.lm:nA K(Q):|...
65
cEdr, o« % a8 sk DL 96 Vi

}"mﬂr vey ill- condifioned "1" =1 v
and aJ(u)-‘éi AR wheee iy Folow ﬁm Hhe imnes -grod.

c.ufukJ via  bram- Schmid},



‘M{_ﬂ: gued basis ZGJ.%:,él-f“"eL}:A)‘ cn we combne the basis

vtdofs (cals a( A) b PIOJMC an _L not™. quis ‘“n" spans
S: sron(fangzl) z faﬂjc (A)?

G L fom L
wnstable fo
work ) Yis
‘L La;-‘s‘ hard fo
e oo dmvy basis
‘So‘u""oﬂ: set: 7' ] -}
/] =
1. i ¢1q, a‘u ' I ]
) " A(J; a' | ) QIJ) q )
1] a s de : : 1 8z-- 9 = "1 . T
A 3oro: °sn‘"z [""‘ T i "
¥ 4) o 0
1 (] q =q whee @ 1 porm  and fogc(Q")"f‘Oﬂg‘“ )
J ta,.a  iq..¢
)
. _ B J 3 } 4 (’_,)"
Compule! a";a‘a"’ 5 le,r,, a,= (T Fn’nquu) a, - (I-Q@7°Q%")a,

el ol e
e [é. W ?k*]".‘ fq)- é'(‘?:"_.) Wa- ,{f. ) %
——

f
“

* A’J’f‘”’_"' émn- S“l‘HJ‘

Sivu AE d:nlﬂ
. .‘n[-'{n'flc Q“):[] A R“’:{ J (‘cﬂflyl will ﬂ" as we Jn

[:ol J" n
() propesc a candidote direchon’ V= 9
() ol”ubua‘iu ' ﬂl K’I.’J-l

"
) vevenq,

G) IKJ B ?:q

Gii) norma lize!

G) 1, = vl
IV
CR Adrs
(v) shore:

0
1,

Q{,)= {Q""’} n ] I R‘J)‘: [_‘R;_I_Ji;,:’]

9



B A‘J‘Z"#ﬁ GM' SL‘V#[J;
e 5-‘vu Ae dlmm

+ inifralize Q“’:[ ] ) R"):{ J"q “ c"fl", will RII as we qo

a”smek nljol."‘vn,' IKJ =?K‘V

For

JS‘: n
() propesc a candidole Jireckon’ vz 9,
("-') “”l:)'lﬂ"'l‘ : ﬁ‘ K’I:J" Conrukj . qulJ-u - VJQ(J-') : fzol_,-u) Y
¢ r, = ¥ wals * O w*
2) [fet 470, | el glv (1= £ 0} v (1- 04705,
s v-r ? S
(L) v k) T V= Kﬁ, 26, v) < Vb,
i) norma lize: : r
FJ 3!
(0) Gy < il —— cpus N9, wpls 0,00 < @ = 8,07 - £lg
B -L °, . =l _
OR Sl g SRR WY XX t
(n' ) l 5 ] =
Q(,x [ .,.) ] R": RV ™ P —\ “
7 __;_A_. ," So 194" J) 7-‘ \

* imples a Jccaufasi{‘om of A..

oo 1 R

woaear <ginn] K j ‘”]
S ¢ 0

w‘wc. Q O'Jlunplmﬂ e —v— s
& fn

R uprer I'v.'anyll/ arn

9 QR Jemnras*‘oﬂ: given Ae (LMM) I-'nau/y l‘ﬂtlt’f(dl‘%} col's {ronk(A)-‘nf*')
thea 1 Q ad R si

A: Q R \'\/LW O € &M)M }ms al#aﬂarml ol's
[ w4 Reg™

i upper Jianqular.
“uado the 3

tllh.yalﬂ zation *
Ve/y powes fa’ Jea I"‘“,)“I" of ”’osml‘ao/-m only /e;wu' inner frululs 3 L coml.
conrls o sel of n lmawly A veches ‘A" Jo s l, normalized vechts 'Q'
and, by Sheing lhe ier producls imvoled 1 R, we can exprss all vechus in

AJ Soy, aq

, as a lncsr  comb of He fcm/-‘na q5 (“J’é" ey 73)

e Works n any veclsr Spoce c7u.ﬂ»=J w/ an et f/aJud.'



. E_’.‘ Grom- Schuid} ﬁ( ‘oolynw.als

&")’20" polyromials oS &3& €M on 0-[a118
g paefs, o022 feqge e
llph® = <p p>
ber cn tun 65 o comut o seb of e, lin U polgeomials
A=Z‘°"": 0,09, 4y, . a,08 Q= E10, 9,00, . 9,008 mJ.‘L‘omj K(@):)...

é5
o EK: fl % A" oed x"g s.}. 7;[")-’- ?J(,) v ity
| E— 5 .
ypially veyy ill-cond:fioned Ng.n=1 ¥
MJ O(x):‘éJ T*J"K[ﬂ) where rKJ {:”M ﬂ,,, ”lc mnu-ran.

amr.-kr‘ via  Gram- Schmid},

s mobled 65" some as 65, but, compule f ety Mty

1 A’Joﬁ ﬂa_J-_GM' Sz‘miJ‘

g Ac €™ )
« inifialize Om’ [ ] s Rm:[ J'I

LI Jsl.' n
() propesc a candidole Jireckon: v= 9,

d

(D) M”ueJua‘fR: L K=l:y-1
G) 'KJ : ?:V e Compe b 6, fy 100,

these ave  He same Chheosehically)

8 - f
() v=v-ooq,
Gii) norma lize: swie, ob  sho K 1.li<0
) | K-t PR
Q) r, * Vzlag - ‘ok ,: ok B al
DI 17| a, :.é:. r"JT" sel 9've gfa é’fh’ R 7;0"

v
) 2 —
@ ?J hs

(V) shore: g

Q(“)= {QIJ.|). 7‘ ]l R‘J’; [__i?_'ji';J
9

allows us o reordee the loars/ evey lme we compute a 9,
temove its tawramv# K‘an all  col’s o[ A leﬁ o ol#-ajoﬂln‘“

Goll a .k )



* A’J"_'H'ﬂ f,o_J"GI‘qM' Sc‘miJ‘

o Sw Ae d:‘“n
« inifrabize Q“)’[ ] ] Rm:{ J.“

l. seb V=A

Z- &( JS‘ h n
(i) ‘:“' I\G“ Ao/nq/r'h
(i) 1J = '.-l; vy

() be | SATLIR P
(n) er £ 74* VK a,“‘ajgnnlvlt
) v ° % -
K k Jk 9J

N G0 7/ Y
) she! Q . [QJ ),’iJ]/ K("’z ngf/jé
9--0¢

M ""',..]<—Lu.IJ ¢ ong row

ot a fme



UCCK q e O’Mﬂacﬂd‘ih‘“ﬂ -5 Fnsl Tfuﬂs‘ﬁl"s . (;"V‘ISG flobltﬂsl linear .‘P{rﬁﬁl /ml s,mvrx)

L.’gﬁ-*-'

¢ thJ.‘ns 3 ﬁ'd‘d ' 'oaskJ
¢ HW Z Juc on nulsJa,
*HW 3 b ruj{ WednCSJn/

Gools! 7 park leckee:
(-) Houx‘-a“ﬂ...
G inko o 1[‘034 lmnsrlms...

nemM

14
* Houscholder - like 65, ques o AEC™, ot A= QR si A:QR

whese . Q is olﬂ.muﬂn' & Mxn mxm

R s upper biaagules &= nxn,  men

':u—;’ —
Gf aRr

0 G_S_: A ‘CL'E:L’ O ) ‘ﬁqnaulol oluasaaqlngq‘:'an

rednckon via q -‘h’anjulw waltix  (recorded ‘7 R)

* HomLoIJa: A% R

reducton  yiq aq Mﬁwwml, wf’avy maotrsz  ( O‘l record Q)

ke -aveys?
|. drivalion process
2. block mahices B Llok products
3. wplet repescaklion of operabions
1. wallemobialy  epivaliat acthods can be  pumencilly  distinct



* DCIIV""B HOMGLOULI: reduce A R va .n-'lq7 pr&lﬂL"u’ Crow opesaiiods)
E— N —) e N ———
_ <7 1
7 %

W . ,.
L% 7 i

A A(;): K
(0) @) (n I
A‘ﬂ Q QMAM: AU) | Q“ Qtn Am= A‘" f A Q ’A("- >= Aln)s R

¢ G) -1) ) (L
recorsion’ AV Q¥ A° , A= A} A =R
Aﬁ‘__ Q(J)Ol,-|)Qq-z) Qmam A"‘

AM= [OMQ‘“)... O“’a""] A =R | O‘A"R
- = ~ OQ‘ A: Qz

Q
A- QR
Q‘ Qw Ou)‘m Qt-»u 0(.)

*

Q‘ "‘P"":MI maps A =R
Q ... R~—A

'Seal: L.‘IJ #16 L f/aJEC“N
X = F X =z Q[Q x)

fo‘y .'As - WA

“Ex: sk e minimal mﬂma#ﬁan necded

fo qr(l7 the l-(a»uﬂ;n T{J)(x)-' QL x

O“ . Omd(”)_. Q“)Q“)x
() - 0
10T 19%)))
< [P 7P 519 T 0.

"

pe r.l,.q secursively
3 PR Tg)(x"‘"’) «— nulkpl.‘mhan L,

X =x,
o* wfl"ciﬂy.



e e 4

T
(3) Am: K

0 A(a [b] A[.q)s R

— N —)

v

A

v N
7

“
Aa)

SONNN

>

() t0) @ I75) 0 o)
A0 =90, Qoam A 97, oAt AT

a>
{ Q il on|7 chauge  rows 3..»

T
ads on all rows cf A
unff CLIOAjC rows Z...m

)
Jcsvyi Q‘J oul7 chnJc rovs J..."' af :nf«J’.

—4n
T
’[ ‘v O }lmr{ i -1 rows !A{' alon
wekhod ©  block  construchon of Q"T QI‘): b= ! il
o |7
i

- g0
* block m“\‘p‘»ulw‘oa Ly matiices . A g A g’
M: , [4': ‘ '
c 9} ¢ D |
. 1 £ U
”M‘ . AA + BC AB +60
cA+bc’  ¢8+DD
1 1o -l
ayer | 4- )
cehek: QY = - it I . O e
) : F Lfr‘) m=-(-1)

0 B [ oo 15 Teb
QQ)A(J.') = I ° U < I“‘J.’ u *|0 2 e =~ J') j fows$ qlo::t.'
o FI.) L'j‘l) 0+ Fl-"Llj'u F’J)L[“ " -:r "



O Luiu F(J) (ltrltc‘uls)

4-1)
€ fowes  M-(-1)  rows

ot shye FY L

I

L b (%)

1

— ol =

ﬂ of s}ﬁc J,
G-

(im),)

T—‘nkc fous ‘Io

A

X=

-genual Efo“en: ,{,‘.J a M;lu, mMattiz F“e

|
sl o

F* < 2 e

l

e 26 €

‘

'Ilu swp‘-‘t-\ly... f"ck z:l (ﬂ( how)
- unibey Jeansfosmotions :

¥ H

G
)

‘; nxlle,

vz lixlle, - x

. Jctf let

ve lidle, -x

teflechon acess H seads x — nxile,

30y "‘mlewa, " L

fcnuknaf X-2x TX-2x,,

H

4>, G-1) (-0
caced: FPULYT: LV

N Kt

7
W —

G-1)
2 be the last M-()-1)  enies of J'”' col. o( AJ

¢

Xy =l:“.= (T-frx=(1-F)x = (1-

2
2 X - - (v'x)v s
1

x ¢ :

:
Wy

I

L (7))

— ol =

-1
w od h ol f A

~-(y-1) xn-lyl)

=z Il e,

l&)=1

rolations k rc!{n’\'us

et H=%41 4,1 ,%

VV‘

Hvut

X - <,
livn®

)e -

[1, 0,0... 0]

(v*2) v

[k ——

X,

G)
x
iivy & f

A4
el EO il

using
}' Vl‘)(v‘“* LI,-l))

'Ivl,)ul
)

in,ﬂ.-;;{{, »e Hiples L, F'.P

w "

lF"’:I-z

x
1H



.

gkl FY Lkl b e sy
o 9% (1-zwvt) s It 2t T 2o
0 F s spoar (g xmg) S
2) Fl“>‘Fl‘)= (1- z2vv*)(L-2w*):

- 0k, So, we ae A'Ma_ﬂl‘ ”u:t

1=
d
“how 4o nﬂe:l' X o 2uxi e ?

the samc gmulni

= F’") (Hewmdion : bhus

Q= q@»*)

I-1w* e wruv? =T 490 90Fr=1 V
bn o

use

2 zllxllc‘-x

)

Flas x-22 6ty | FP-1-22
. VL«J 2 s best?

o we woal o ruL-m the skps:

I v 2axn e - x —— unstabl i\(’

2. v= —— unshble il

£71]

3 FY:x-26%)

so, choosc 2 b wmaximize

“Hheat ve- (sgn(x.)llxilq +x)
wt)

- 3
cquvaleatly (F> always uses  v*v  or

V= S-’Dn (ﬂ)"l“ 3‘ + X

so, HGMSC‘I.‘J&I cap "‘c.‘uyf

| seb A”:A

2. L )zl b 2.
6H-1)
) x- Al,;-)',
G) v = sigaee) %N e, + &
” . [9)
i) U Ilv';’nv
) F% 1-2 0.m"
o I.w,n o
U2 0 [ o Flp] —
tefleckon, 'ur.,“ impliclly

i) Al,)= 0’” Al,-l) 3.
3 sd R - Al-.\ Q’: Q"“Ql*‘)w Q“’Q“)~

B

vt

wa?

v swmall (eancellabon etors)

v Swmall (divide L, seall 4D

vl — &= -sign (%).

. fMCl.‘tII'L’ . (never buill @ or Q9 o F“‘)

l. st A®:=A

LJ:Ilon

4-1)

() %=

lJ:n)l)
G) vY- s-sn(x,)ﬂxll C +x
0. Ly

z =

v

i) v

4-1)

vy AY

(5:m),¢:n) ) ()

seb R A® whin goo3?

eacede Q implicilly.

-2 v (4" )

Giadgy



 House bolder vs. 6S: Ae€™”

rra.'n
(H? s, m6s)
cons 4
(65,655 )

ﬂ: l. mpl-':-‘l’ Householder s fa;kr (a(z—u‘-‘/,n’) vs. G(Z»«'))
. she Q ¢ icieally  vio fv’J’SJ:'l
(s applying @ implietly cheoper Mhoa applying Q expleilly?)
Sl'qLIHzf Houscholder s fuvour backwerd shable

L wog shble Jhon 65 o1 ~GS

65 'F m6S L..U Q erf'-'n“l,‘ i an “onlye"

fuL:m (cack  new ool a = 9J)

Houscholder Lu:ls T, usiey all 4’ A, canmo} fuﬁm snrq‘-h",.



Thursds, - W13/2023

’ l-_naﬁg I M: rc;‘ ,ﬁms ﬂrns'.
“HW 2 de J'MJ“ 0 h-’ Lu-’“v‘as a L’u" wavelet Jﬁnsﬁc.«
“Hw 3 “ He Fosb Furee Tinsoim !

mM aulpa’s

. l
. Fa.sl' Tfansﬁlﬂs. '.',,c../ 1ransy(um T(O:Ax) Ae C”“ has  cost O (mn)

e

*Can e pr “s#velr expensive . image  plocessing - lo8o, image has zx10° piels, 3 colee

v
|o| calealations

({3

valies = A on order 107‘ JG6®)

andio = Y01 Kz, 10" vales pur second, 3 an = 10° values
O62) 210" calulakions

video = 21 fames @ scwnd, 2 bt movic = 120 %60 5 x297% 10

0° vales ! Fat) = 10°°

. yeh we faﬁlﬂ signal ploessing on o massive
sal all the lme... how?

'EJJ: use ’ftmsﬁvhﬂ Ttx) whese cest is almest
O()...

'03 (cost )

0 ﬁul "I&gﬁl‘ﬂs ,‘ T(ﬂ)- ’Rn d IR" C’SJ' r'Z4 a(ﬂz)
(¢$u¢"1l 0'(0 Iosl(ﬂ))

Ia ('I)
[ way paskl, takes + less ime
° ‘low?
o use | wobices so imasion is mubiplication and... shable

L/ AT‘ et st Q) = cost of A'x

. fo‘m" syM"'dMS v’) e "IWSL"

recvisie  block eruq‘-‘ons

ot wake cerbain pner products (combine many smaller caleulvhans)

reJuanA.
a qQ
b b T T

E_‘ a. 8 c Ol: c ) Ntm# A X, mn'w', A %2 2 innet f"J, 7-fdn‘v‘0n coch = |8 .ruqi,'."
d d Sep
e (4
R '___-J‘ﬁ
N =
ir we uﬁrnk us qu L]'[f'] , W: [‘, J,C]' ‘; 10 grgm‘flﬂ‘!

u‘“ Al" s [lﬂu}}z op s 10 Jolal

U



. U’ﬂhy}: Je.s‘on a  basis Zd_,iJ:, L R
s}
uscﬁ.‘ ——— | e JVMS‘“" Tl])’ A7 S Ncnn-‘nsrul

shble fiavblle —2. He a's ae L
3 e a's ar sulfuedly symmelic /repelibie...

chmr

’E__/. Q wavelc‘ Jmn.sﬁen
X s a sbnq‘ (_sq, audio)

X = aanch at Jme :) At

re)asm‘ Sianal Jf wave (leis) ptlacl, abasty d
. qnal oS SuMm o ave d N

P J diffuent pitehes o

w/ Vorping Cz"mq 3 duabon: cach }.‘n;

1 .

X

0 ﬁ mlaro‘o‘-‘u rl.Uen

Q) all) ... o,
Y, - giL 0,y ayl) - andy)
> .'nlﬂco'ql\bn: = [
seale down, i 1

i fﬂl o,t,) a,u,.) cora, ()

'-“!M A 'S q ) Vam‘anoﬂJC ’ ma"n'ﬂ fwl
foachions faJ(L)SJ:, ab  samples ‘?J,JEJ:'

: sa‘vc A 7 =X Jo w/.“c

n
MO & yah)
J:l J J
t— Cot r".'c.'uh / nepre_sc«#n‘kon

in “1(;:7.«407' spacc



°q ‘?m',fcu‘cwly eqs7 hansrwmz

"GI' Q‘(D be a Squat  wavt (onc fu.‘oJ)‘ T
“wobher warelet"
! ‘——7 . QZ(#) = 0.(2{) (scale down)

2 copies, half e siec
_T 03(4) = Q‘IZ(J"T)) (translale )

- a, (D= a,0Zh)
ag (b = a,(2(+-1))
a, () < 9 (200-2D)
a, =9, (at-31)

Y copies, 4 He sizc

. : “ lhese o wawveleks. Call a,, w, , AJ Wi

. refrcscal’ A(D) as liacse comb. o)c) Squet  wares

of  diflereat ﬁ:«,..m.u B off sehs

A4 S

¢ s E\j

€opy /dranslate

«

o : . s \/M> 0!""1030"‘3'.? (7¢s)

bt W [Ba B @

cis W cheap fo qpp‘y.?
T
?

By - W

,7




3

| \ ) [} 0| - A ) e “mobher wove'c‘“

! ! ! 2 SPO}M' mlr/w:ls

subdivde and compress agein

"
1 “ w0 ther wavtlcl’ . £« of a wave le} Losis
: * build bas:s L] ’tCulSl'Vt,y Coﬂ/)ltss.'nﬁ
an  ntial  wavele} , then Con51'J¢I~‘rl3
% ol of #s  lronsktons
2 1 ¢ ?
J T * \J fpr ™M Lluks o{' s'zZe
> [o( R o w s
1
“ uan_
. rhﬂ‘-‘ts:
¢ 4
|~ .L h.g to"s .p U(" are d-‘uc"’ .L
o 2. W s Squae So W
Copy /iranslale i 7
Woe W wp b a JinJ-ﬁq’ salfns (novmalize
rovs)
1 3. normalzalion. col 0 has ""JH' Jz ;=
K=
- col | hos luy“! B
}r cols J=l..,‘"
| 2 .« : ol.l .l
b X o e e )
- ! W...
l : E L v‘n) Dl‘) i .“;‘MY

"o - ' \ '/“"“f"” L, rul.( of 2

have (Zq)/z"' non Leors

Q0 nosmalizes
.“_(%)']



oo W e o (00)

(", " (7L )W

. So J-'vm .

x{) %

. CLa”enJc 1

M mnlicc.'

# nomZeo entties in cack tow

£, BB 2 Wy =
l-')
1Y

4 D Ulnlr

o.‘u.' ‘I is ¥ a Jmnmz

T Y |
V

F e

avraye of _ awmye
X hee hee

T
covwl""e wh)x fo.sLl ”«m O(n*): O’(Z”)

' 1 ' ‘ 0 [l | ' ’ | Xq
1-|. a—-.—_n —-: (I L1
3 ) [ - ' B i i X
. L [} X g
5 —; ‘I- ——————————————— K
¢ ' ]
? ' 0
s A LHJ
WX leoks o b ke w4
n-l 2
2 Wil 2 a
byt compulel Y, 2 W% Jé, X, Jg.a X,
LA e
L (%)
.".M ca-nrmlt- Y s Jé KJ 2 Jé‘ )(J
%l .
= &x - 44
Jo FELA
= (V‘)__ A /,“))
(%)
A A
l}o Jcl o n 'osl(n) c.mflu.“7 we ‘leewsc .
L/
s b Yl'/z) hs |y | lo r’l )

.YZ

5 ;f we comruk ul, the  inner f/oJuds

w/ ﬂm 3::7 shoJeJ emlr.'cs ( LJZ:’: ‘)/ Hw,,

wt

can taufﬂk V‘H)x...

~ N < <

13

,,:z" Ol"f*“, can'd ad
rclmo,»el th  O(n)= O12")

b Oy

gz.i.' (Mu#,'fl.‘u#ns) (a:“i‘[u; ) Ll ("o tal)

n=2" 01227 % 2a:27
m-l M
nfpz2"" %elc2 2 221
+ | | < (0]

Compules 1,8 1 i Z (2+50) sheps
.'nsk ari of 4 (n “‘) _dtrs

T
holved the "S,
ke y,



e 3 v 5 ¢ F 3 Cost cost

r ] "2) 2,)
[ "o ) Xq |\ |1, = 70(‘ 7‘ ¢ | — () in , }l-
e s s L U T
O e X, Y|l 1= 7, 28y -y, e 1."/')1- 2 J"‘"
Vo - -I; Lo 7, — ‘Il= YJ""), ("4) Z'l‘/" 7' ’__, 11{,)_" 0 2
i - e, e ned
- e I I B I Kl R A “ . g, SRR 2N r"*’z'n. w0y 2
= . o ° ‘
0 B G
' y 8 1"":: ? 2
1 )
1.“,')1“ A A “d
, [ 1.4”;):.. ,.w.)‘ 1 2

‘o"ql cas‘ e Z‘(oeo sLaJ:J ,J"f) + (Z# fows = Z)
[} ]

A+ backs)onsy

# blocks = m = hjz(n)
fofol cost = 2 (n4 lojl(n) "/t) + 2n -2

= "’3,(")" + ()
o fay untm-h-ij I—man, swall calewlolons

So to_s‘ = U(ﬂ Iajl(n))!

A Y

. H
-Ex. wmz20 pzi0

Savings .
cost ‘Z W) Ju”, O(a®) = 0*) 110% clen) |
VO dndy < O 9 = O™ . lo” “ lugh) ,m‘v(, 0 bines fuyhe
7 ~
W“) '“'""""/ = O I'3zl“)):a(" 4 ) : IO ‘-—L bimes (Bl agai
‘mh‘”7 Mor¢
Hhon 4 of
au#p-‘s...
asymploteally oy, (4)
calculalious per an"ru"
« Obher ﬁts' ’fnwsﬂlmsl Mokvix Mu“.'f‘.'chan methods use cs,ah‘"y He
Samc "V.‘ck, It(vlsfvcl;v L,ock Coﬁrn“nll‘ow -L folm" Synﬂd-ln'c}
. E_; apply inver b

. e fosl Hodowwid- Walsh onslorws  (FHUT) | o, O N T e e

L He fn.st Fourier imvsﬁfn (FFT)
3. the Slrassen abu.‘“m (0(»"“7"’) ke AR islend of U(n"»

lo,(2), nob 2% logln) sine o spraciucs

a ssuwmed.

Gouss C“""I, Lke

cxlvemly usC pu‘.. .



M T‘lc FFT r:lfvl‘ﬂls a fnsll J.‘_wck Fo.m'el T;ansﬁlﬂ--.

'f"f"k K=[)‘ol‘.,-~- x,‘-.] consides sonr'fs of a fer-'m‘r'c s-‘onnl.' "

~Ae
= x(0), x‘sx(M)’ %= (2ad), ... A, 2 x(G1D8) | X7 x(nst) = xlo) = x,
repeals every A Samples

cassumc 0z 27 otherwise, 2eco -pod

-JnoI: In‘urola‘c on basis of T ’el:'oJ-'c harmenic

fuackus af iacreasing £:7¢u:7 j inctasing bey K
-€9.. sm(enk %) , sk t) | || | :,'
| e RE g ) e usl(...) s0 “ fe to
[or ke Lot z... n-(] A ' ’ ' by
«in doms of the somples: C [0 w® W
L cra -

;K?n"—“ car IR

. k
. B iKken J/f ;
cn(h)' Ex- ¢ = "%z (e 7) = Wik
w =1
w

2
: d )} (a-1)
we i R ) J

PR
° H'”', Vondks monde  vekiix of [we o, Wi w™ r"_‘l F‘ hos L colummns,

2

s he Fawr Uscsk) wolix: FOsw™ he wee'™ Csob ormolitcd, leoglh )
w* =y
mvert via F = F
*What s w? rolake
P

o eule foe complex esponcalnbion:  gien < 1zle’®, "< 121" 121" (o3 (k0D +isitke))

o raising w rokales in complex planc...

g
cwze " = the lﬂ of Hhe a Comeplex rooks

of 1l

~




n= 4,38

compare’ 1\ e

a 2 2 . 2 . .
nohice k{m) 2 W, (Ex Wy T %t

thas powess a‘) w Icrcol;

é- n= "‘, W=
l | I
z
: | ' I
!
.2 .Y
' I \ i
O I N ¢
[} L}
K= © \ z 3

Swap even § odd columas o malch enbries

even odd
, | | |il | ' \ & malch, only need
- | st each
] BN =
- — *—_J-: — -
l' | "-l -ll & ok, oaly aced
| v . . | mulb cack
-1 : =0 \
k= o 2 ' 3

Ic'alﬂ! 1‘0 F 5| \

@)

te blocks are

real

shoe enbties ... !':Juﬂnlam/ M a recisive
L‘ock/ﬂu”{scob ﬁs‘noﬂ

3

° (N Y |

VLA EOED

G O G

H I

&)

blocks are fCJanaﬂ,'

L -
A ; -B ol sweppiny o £ odd
even K ( odd K
(w:=-1)

|
, A= Ez)‘ B" [ ‘J lz): @) Ez)
12) F(l) h')
@) (73] F‘Z)



So. ey
Pgm-nJJ ) weé can Lu;lJ

F(‘I) : ‘Su)
T

chon 4¢ Siyws

Swop even % 0dd

Csparsc)

BN S
[ ]eE, ek,
g

“Krenccker Frodut”

’ Gencrull,: F“) 3 SW‘) ((Hl')@l;:m) Pl

-

F .x

> stnj:

* Consequence . we wn f‘#ﬁlﬂ

l. ruuu‘f even $ oJJ, use P(n/,,

2. nrr|7 F("’z) "o x,m’ Xodd
S,

")

3. epfl;v a  sparsc chuy J’ Signs

and  combinc

. cheap, () Swaps & lucar  dime

) — dominoks

* cosls !
2. Z(ash S F,,
3. cheap, O(2) sontao enbries

& linesr dime

“Now we can secusc... if 42" Hhea, ey hme we need

F‘l) use Fluz) ‘I‘wuc...

— ers x=[ %0, 2, %,
1,~=[‘., e, K, - Aa-e)

foigt L4 %, %y, Aai]

/ | pemule even 8 oJJ, e B e~y / . permule even 8 odd, e R emty /
X 2. ."l, F.) to Kews, Xuss Z’( 2. q"|7 F("...,) to Xewa, Xujy lx '8

leaghh 2"

e

by o %0y ) iale 2 siqeals

5, - Aot
} leaglh %< FAll

o use

I pemekt evr 8 odd, we ooy
°ff'7 F(I'") o Xewa, %oty

3. apply o sporse change J signs Siem

l. app! F ¢ @)
7 e 3. apply @ spoese chany of siges Spmey 3. apply @ sporse chany of siges Spmay

and  combing and combinc and  combing

I F(Z") 218 F(z"') 3 i F,»«-:, = 8 Fu--S)
L:mﬂu computalion
# l" limes — 2

. = p l - =
. So. Orr'/;,.j F(z"') orflycnj F(z,..-.g) 2 Jimes = apflyfnj FM 22N e — many swall compulatons
X M= ‘°3z(n) conversions — a few| combinadions

X 2 Conversions

- cost of FFT s 0("‘-3‘(")) ir az 2™ | ]} besis L:

incedibl v chca‘z

l. wluqlly all s;3u| processiny - Jeﬂmsins, convelulion, flh,‘.:‘
cT Scanaiag...

2 n‘a4¢ Compression 3 lmsfa
3. sre;«‘lal analysis ~ fhak Speciroscopy, anf‘nqt' delechon, sesmolog,

4. sola Mc”-uls ﬁr er; * heal o, J-'mswl, waes, SDE;



WecK 5 - Tovese Poblms (diect methods)

1 TMLJQ, - 04/18/2023 - Linear 5¥5£MS

: Q;l:slfcs:
o Biacsh fcncl'na p b pt IL
- HW 3 ”sﬂ“‘l Ees./,., , due  pect Fccs./q, (Al 28*)

¢ ﬁ:)u} Z fﬂs“ Juﬂ Hﬂy M“’

Gl
o inhoduetion fo ivese melems
Gnuss:on E lm-'no /v'on

- L Jccodfuv-l.‘on " Cost . S'nL“y 3 ‘Wv'n'ns

'E)‘: EMQJMS‘ inL(ro‘n"'MV, Sknl‘,

L qu:lsg lfo“tﬂ-‘: ym a \lfﬂﬂsam (“am«J Mthr/), T X=7 shak ‘wnle.s ﬂ( J,nu-‘u.[

MJ an °“4f“* 7€ T‘ ‘:nJ x si s,slenul arl.'--'zcr urJaks'
T(l) =7 C#c.

'.r X, Y Lk J-'ueu.wn.l, T l[ntol, then s.‘v-'nJ
o laear syskem : gven Ae €™, 7€ c” [’AJ e €' 41,
Ausy
* 3“"0‘ 50‘01: uf T 3 A‘A'chl“'t/lnt‘*ll‘nﬂt bhea  T0x>< T f,r x=x'
led T;: ""Jcﬂg TE— X sl T;’)‘-l £ Teo=y
Spavedo-iaveese
]6Ia»3;(A) . L.
A { 3 s
A'f (X s.) A,-‘l .'( AK=] 4 A Ax=x \ i
t, 5 '\
A A 1 I"“' = ACm L/'. .-.‘
-;f T s L:‘,u‘l'vc (i-Ja‘\'vc 3 &(de-‘»t) theq fauoc‘{ T{¢)§=r
o T=T", Ttpox s Ttozy V ye

A s, bk 2 A A Alpex of Aey o KT c AN

. Nunctica“,z never Conrak A“. W‘,’ Usuoyy oll17 aeed X K( a couple 75, aof q", (cheaper)
Il A-lﬂ » Il L( ™any cxanp‘fs, lose  shrachve in 4 (Splshly), onJ, eﬂ‘y need A" “‘r"“:‘]
fo compue X ... use teduchion  methods astead.



'Ln‘nza—( .Sys"ﬂﬂsf g Ae &M“) be CH“ ﬂnJ xe(n" sl Ax=b

'éx.' () x+ 2y = 3 }J"’"f‘""s usKnowns : [x,] =y Knowns : ( ]
G) Yav by = ¢ X,y —>x=: Xel=y | b [6

given A= [q‘ :J, "’[‘3] fad x st Axzb.

A
—~—l
-gxﬁ G) Yu ¢+ 2v ¢+ 2w =0 [q 2 |2 u lo y 2 2?00
Gy2u -3v +0w - 2z 30llv (] \—‘——’ 2 301"
GY)-2ut Iv +2w =9 272 lw 1 ‘Z ? 2.' 7
\\x" 4
MuN-.P‘ L,X
and sef equal o
O“JMMI‘J
'- pow Pecldc‘hon: i
combinc €qu’s (ows) fo clminale voriables I
6. fo set ealres fo zero - "",ei -9 ‘:,

o y 2 2 .0 |10 ’,/‘“_) D y 2 2 : 10 y 2 2 } -io
e 301 [F— o-'-l-l"-é F——(o -4-1|-€
-2 3 2 " 7 "z[[)#(h‘n') o 8 3 |l-‘ 20 reYl o o | v‘ 2

l. chk‘ Sustl-'Ju'k‘oﬂ: now, So,vc .&m Me Lo#om uf

y 2 2 »21)5

|

J
o -4-1) (e
o o) 2 (,‘,‘;)j
Gii) 0x, +0Xp + 1x322 > X332
Gi) O%, Y% =1 %32-¢ — -Yx, =276 L PACES B B Y
() 4%, +2%, +2x3=10 > % + 2 + 410> Hx+ 6=

I

Hx.:" — x =
v 5o, xe [0 0 2] '



ths wethod is Gaussion Eliminalion . jevndo‘ abwfﬂm L So‘v:’ﬁs |inear Syslems

'. fow-chAcc: use fows lo caacel columns unu uppes h.‘qﬂulw

\

i
W= i) N d

Ax=b t—— WA e | W) >

nse row | 4o use fow T o cleor

)
S ! cleor column | £ X column 2 bencath the
oS ¢ beaeath the dagomal P ! diagewal
. - I~ :
ausmcnkd wabex 4
¢ ! T
X [}
- I
™ fere ' \\ ! iuscu to l¢4:4>
N w < r
=+ LC elminated 3 [ i) JJbeaenH' He
2 7
L ] = row "0 wst ﬂ o ; Jl"la.nnl
. a
J
[ :
1 : < v
|

Iﬁﬂ’ﬁf ’l‘.‘nnaa lor
can .{olvt v//
_J back sabslidulion

l. Laok-SuL: selve backwards Lotlom fo »‘vf

"

. A‘goﬂ”ﬁ‘ﬂ: infu’ Ae E“‘ 5 Le €

- L(,)
). inhalze U= A L= I
Ly aza
—
T |2 ['w 3zl b a )
N
jﬁ ) ke 2yl doop N :‘. =
w (a.) u /u - “‘".. o U
', ’ ] 97 7J) ;u,‘ |.
3 w)u,  u -Lu [ d -1, :
H ) ) ) )1 o
S oim o cancel IJ) ] g-1)
Ce. = b - b o
) ‘,‘ Ll lu J Cclesr col beneath f-‘vd“ U " U
f ! ["4‘4;26 2 []nxl \\ h b
3 ) = |/ teduced
é‘ l 2. fo! J: n Jo | ““\.:‘:-' ;: %‘\ ©
4 b X = ‘ = X. \‘\ n,‘ i
‘ J

S-lw.s wrrd ‘r?an‘“ sys‘us (LWJ Sa‘ .f ‘owd 'r-‘nob-lw)



¢ T‘c LU JCCoMrOSJfOﬂ:

PEZ] nxn

Q_g_p given AeC
sd.

iaverkible, 31 a rﬂﬁﬂlqhm wabix Pe IR

PA- LU whee:
I Le € Jows tioagetee (o L2t 1L 11 ¥V is))
l Ve C"‘" “ppes #-‘MJMI«

R
A /// ) 7,
////, o &

nLn

NN

o tedackon Gaussian elminakion  cedwes A— U via

A U _ Lu)uu) — u)‘ Lla)uu)_ .. L) U-‘L".‘,UW)
il D %y,
7 %
'{//[J“] (/_ﬁ[%
col |
::n ".u
L' (L‘:')L"'". i Lml; “) des” seduchon -~,.‘4..," veduckon

) #
. l(“) Lln-l).” L“) ar =y =2 L A U s A LU

~—-~ /\ \

' \
‘l “l
i H. L,

uJulw 25 o the wulbplesrs used

“(p. 'M“ -1) ! MIJ’
1) fedia 1 Y R

L.' (=7L L, MJ!‘I": fdlv-"c.i ‘el‘w "c JE-J”-‘.
. Lm'u L mvr'@-'”, JM'A: IUJU“\bl



AxA

-aJvltm"tbc c‘) Lo: gve Ae € , LU Kiown

Lux)=L
sole  Axsb <) | solve L,sL via| fawerd |sul

L. st Ux<y via bok sab

« much Ksld i, l,u or Knowa, or So‘v-'nj Ax-b [1 o Sepucae of Ls...

. er.kkml Cos! how expeasive is  Gaussian Elimindlon (A= LU)?

Bock- Sub?
l—-s-ﬂc as QR

*Row- redu clion’ giver A nxna, he cost ,ﬁ ved. is o n? (ths))
expeasive/s low

: w‘lr’ l. a-1 .sw‘oJcs ( fom | o a-1) A
2. openale on "‘J" rows w/ L” ,
|t
melbiples 3/// a-y-)
| |/%1

n-y col's‘ only nced for "'J" «ls

(us’l | uu”’n‘f‘v'u .-d fow

J Ay

fou op = 1O+ ‘6 rd
en}-, = (n-J-I) (1 + Z(n-J—l))
T

4 tows

=2 (»—J-n‘ + O(ay1))

"t
3
w2 fz2@n-p" < 4% 06~ §o
)
“ b |caJ-'A3 ofder

* Back- Sub’ cost o= n? (@(n?))
(a shags, of J“' .H-Jt do ~ 2¢-1) +| ":///l//://://(

. W
Operalions, %‘-

"
cost ~ 2(4-1) = 2 [CXDL} ) v/
é. J ( PR (IR T | K

s ’ U(a))

So, Co-SJ’ “'02

smoral . pow- reduclon s pmuch more expens’vk  than bock-sub,
T )
O3) vs. ()



aemol Jn?ﬁJ.'
- teduction / puc‘e-l-?ta‘tbﬂ is expensive . ln 3) (——-sanc cost as Mu”\'flfm"ahn!
- using veduced! boclocized  walres s cheop . Ow?)  or eul:l

0% s cost o sedue, 2% s st b wse...

gven A- F F F Lo some ﬁdws

I S}
[""f"k .A: (EI'; 'i) > A~ eplil, slow
Ax could cost. O((2-1) 23) . O(.°

Lo, g 6
lcoqruk. Ve FY, , X =X }_—.,rl.'gi#, [

.{w: wu‘

cost:  O(11)a%)
dou't malkiply ‘-,MLI:, apply in sequemc

A E.(F (. E(EAD).)
work w/ Jﬂ"r&i‘fns inrl.‘x:"’ whea passible

. S'qL-".'!z $ FNo#t‘ﬂs: is Goussion chuackos A — LU shable?

“ not  whout pv'\/d""j (lechee 21)

no.
° sdffuc “m‘J .s#a e . {r
r»/of 7/_-"
Hne r.‘»lo’ ’MJ{: s very :Mo” l //
CGor uJ)g-l)“ ua(_‘ 0 L ;’J

G-

then  wallipher I.J' "/H‘J" requies  dvision by o swall nusihec !

uashoble (echeme @se 392 20, dvde Ly 0 emit)
cin ,l:m.‘rla bee is no need do cedue i order...

P LR N R
- o[o]z *=~|>< o4 |*°]s3
o094 -¢€ ‘ 3 O'fo |2 I 4
{ has the same soln if we reorder the  cows
r.’voho
adds O((r-%) scarch cosh... oo expeasive

G
'iJ_eq: MAS" of each .daJe, reordet  rtows B columns o vv?

bo  warimize he pivot
patbal pivebiag: only Swop fows & oaly adds  &a-))) search st



: LU n// PA‘" anDL'M\ q‘jolf“lﬂ: al  each s}nae, Swap fows ,o maximize  the P.Vof

input Ae [ , be c’
. M:Lh';“ U:- A ) L: Inxa ) F: Imm
2. Lv 3zl o n

cost O(n-,)
) fiad Kz argmax Hu R t—r ':,J
iz) ) 4 enlies fo sewrch
G pivet: =
(‘I) “,,,:n : um:” LJ 3 LK Sln/qr fows J 3 Kk op ? co" 0’( ,
”)
(k) l-’;“J"S’r,':J-I bk - U' L‘ L, P -
() P ~Nn Kzerv'ns & ealves ru row
3 A I’,‘: -
G ke ixpn o o 1
(a,) ".“s u‘) /u.» f‘JMC as Lcﬂ«e ,“5‘. a((n-J)‘)

(b.) u_.d:" g u‘}J?" = X,J “J‘J-", sl».‘" g‘m{nqlcsl a;,u,‘.‘-,‘;

() Lx 2 L" - l') LJ

Ces" unc‘t nnaeJ o

-

thea: PA=LU

. Outs‘:'oﬂ.. s Gomion E ,.“h'ﬂmll‘aﬂ + r.'volt‘n:) — suLsJ{lu"M
shable?  bockward stable?
(lechees 17 B 22)

NN

. CMJJ-'om‘nS: given AeC™, bLe € He worshcse

0 A
CaﬁJ-"‘v‘an"na .‘7 #‘6 fh.“fﬂ: fnJ Xz A.L ﬂ
is KA AN DA (- fenn £ e f’

W-1,) - reeal MJ-‘IIM‘,S of  licor JvhnsLm lechre
- - condbioned :f 6in € 6o, NA™N » 04N

2. Shbbly of Bok G bend) Sui:
e g Ue ™
sobiag ke % sh Uxs b vie sbsliblion
is bokward shile, i.c. the m.,.u sol

~

X sah.sf-e,:
(VssL)X =b k

where | lév.“l/‘“;‘. £n E... + 0(5:) v igy "5‘/"/”‘" = aceﬂ).

wpper 'I'h'aﬂju'u. “.an

solve almas} fhe h‘jhl’ rloLIcm
exod/, )



3. w“q" 050“4 un;su‘tm EI-‘MMQ'hOﬂ . A -> F, LI v .,.; (lrc‘wg ZZ)

* Gaussian Elmnchion s efel.saw,l, unshable ﬁ! Sowie ,oau.l.a;ml examples
L. in pracee s a'wnys. shable... acls as f bakwed shble L ceal problems.
G be He clss f  waloies o ppeosing i ool probloms)

2 E:J, Goussian  Eliminabiog + pivm‘mj s neifle shble nor backward shile
s n “lc ﬂ“ﬁunn& We assumc A:PA (r-‘vn} to grl.'m' ofder q r!-‘ol“)

n_ﬁ g A= Lu GC‘", cevvrnk Z,G via  Goussian  Elimination

Phea :
[O=A4 SA USAN: ILlivd OCE.)
—
Lekwerd shbilly.. ke QR, T%L aed DAV
oal, "‘f‘ Z‘; ¥A.. [“.—,‘ '.3‘ 5
* problem: W/ pivoliay, Uulil w = it iy o = eay
n qn/ fetwm , So
DsAN= i O'Cen)
bat, Wl con be > AN so the relabve  error
Il SAN/HAN = “Illu AN O'(€n) con be barye
M&f._

defie de qmk Lk p- :_:";"L"  Hhee VNl = OCp uAND
0%y 19y

o h.' g PA-'LUI Ae ™" cmr-‘eJ vio Gouss. Elw. o/ poriial
rivo‘in& thea F: P ﬁ( sumt.'u”, small €, ¢ ',!.J'q L
all i>) (ro fes in f-'VO‘*'ﬁs choice) and

LO=PAs sA, wher: %’:" = Otpea)

* Hea, bokwad skble f p: O w4

bol,  consides: B : . '
) a3l ,
Az oo o] e U .

So f‘ “=Zﬂ-'

o™ Egq -

]
“hekl p€27 ad I 0 sepece b EACST AT€ €7 s) pe2tl
¢ looks lke a J-‘s«s‘ﬂa lese ©(n) J-'J:Js J) acevracy Re bnear 5,5‘::15 size '

fest Hhis!
®in rlqc‘-.'w: e“"""f fare. P« Z“l Jfr.r.;g an exrer:ml'...



Tvlsig.’- 04/20/2023 - Least Spm froL/t»vs

’ Lﬁgt”‘&:
- Hw 3 faskcl‘ due  nec LaJo,

3 éi‘g o
* Least Spuas Froblews:
 wofvehon - hagers of exact solais
 defukon B geomely
* b pormal eqas vs. fnanl-‘on
" divect  methods .
I Fgchon 8 QR
2. Notwal ega's & Cholesky

3. Pucds -invision & SVD

o Modvalion - Arplof-‘m‘c Sols's 3 F.'H.'nji

"Ex. Consdee Mo akipolebon problen:
I somple fmes £437 €2
2. sygat: PO = #0387 [ fu) e
by b gkl W kue bos 2437, L0 R

Ex <!, bapet, . b=t Guly ukp)
wark  coelleieat vecor ¢ sl

3(“:) =Ké ‘x‘x(‘) inkepolales : ol lhe Samples

3= & c,:;@ = fa)- f

Bﬂ whee : AR Q) I /\5;4-
wl]

g- L0 L) LG .
Cmo=g s;u,) L,.ﬂ,,) b /\/ b,- < J
I g [cF ¢ 1 — — i
3o, Sc‘vzzj | l
‘ﬁb“tﬂ: an inkspoloat lte) oaly ek £ fe macly) namesically very risky... ‘,
Hhiag! wastable!
ad s waigue B s ﬁ” tank (M2, fin ind. col’) l il

. l’m: ideas ! l. qdd  bas:s Ln‘m‘us walil {(—fq;\a¢ (8) ® m=n I L fol,ﬁlmhlsl M chia ,.mls 343«5 - f.lynnvn.'n'

l. g up o4 esact solrs  Cinkspolahon) and approxiaak insfead (D)



¢ Leas) Squares Bobleass . .. So'vn’n3 Ax v b

* éurr_gs_c: vam A min onJ L mx |
usao”y seek x si Ax=b oblka—orteres | ebrder—gver-chzinined
whql n’f L¢ I‘OﬂJc (A)’ Mo/ C;ﬂ i Hhan unKaowrs
thea no x exsls si. A«=b "M > n
' / Ax ,’
H,.s s #vc slwm/uJ sc“-uj wheq ‘,iM'nS R" 4 .'_“_:_ ’ranjt(A)
| L Fofmbia.
JQ“‘Q Io o Mng, i / Y h ll‘ll

Ja‘tﬁ A X + Meqsnmbnl errer / |
So data ¢ rangc of A / 7 ; ‘,' /4.
/ ! ;

of
]
/
[ j /

data Y Ax  but W/ mJe(-'nS elor / S

so, no K exsls s} Ax:b let§ ﬁnJ £ sl
Ax is as clse do b as possible, Hat is
X that minienzes the J-'st/qmowli

stuuront,= Az-L warf Ax¥b s

L S ﬁubleM: r‘nJ X w"-‘tll Min'Mm Zes ”AK 1 L"z disc. in itk “‘,7
c'i“'-'vnlenl b M —A——i

bd % whih mimmizes WAL= & (Ac-L)

Z Sum v(’ Sjuanes af stcfefu:,.

‘m_s aq So‘ﬂ gf n” A $ Ll—-——q So‘ﬂ a/woys

ﬂ Hhe LS froblen
CKI'SJS

(note: He soln way ot be ua-‘,uc)

o What about wniquencss’ SupposC X, o the LS problem ard 3
Z ¢ null(R), 2?0
DA, +2) - 602 = NAx s Az - bl %= N Ax,-1N?
—~

0

Hhen KetZ s olso o soln, so soln’s ae not wunque.

'FQ_J': #.c LS fro“tn Lns qQ um‘,at Solﬂ .ﬂl A S L” I‘aﬂk
Uv'ntﬂlly f.aJefuM Co'mus D MmM2n



LS problems ave the most w-'Jcly solved opl. Pro“:ns...
. data s oflen foisy, Aeise ~ Gaussion d-st, prob o expl- i J;sm...,qu‘)

“ " Jo solve aof fois& Scale

2. LS problems ae ‘easy,

31Ls problems admit wany mﬂds/ofpfoachcs
4 s problems ar casily jen:/nl"Z‘GJ , adaptble

¢ 0‘(, So how Jo we SoIVﬂ “‘e"" 7

- A 3eome4ﬁ‘c Soln ﬁr LS froLIews.'

-j.‘m 4 M, L mxl gnJ: X‘,‘oljwl-'ﬂ (MAx—LHz)
Xen

- a r,‘c#wc b build abuition...

45
o Jlsraer--ﬂy . #ﬂ’ Q Sse«es 0(’ X va IKCS

¢ W R*
Ax
fol Velyiag
'S A rqnsc(A)
! '
b
’\V Wy "‘3‘(”
- ft/, range (A) .
< X . M
+ L(A"L)um (A) 'R
) L) ™
Y R™ A ‘}
So A X, * "fﬂﬂylA) = 1 faroJ

0‘[’ L an‘v f%sC(A)

‘be an Seo AK-L € IR" .\ con de Compose Pe J.‘.Scmront7 .'mto
q Cowvfula" in nm:)c(A ) and aullCAY) ... (Fand. The - R™ = fnnJc(A) ®

Ax-b = (A“L)" + (AX-L)«auuu')

fase(A)



Tmoeoree (Ab) s Lo (Axebd ey (Faad The pod T)
So, Ly f/”myrus:
2 _ b4 3
O DALtz N, 17+ HCAeb),

Jtren ds on »

So | M-‘ﬂ.'ﬂr"l-‘ws I’AK'L”Z s ‘”‘C Sqme oS Mr'm'mfz-‘nj ”lAl(‘ L)Wﬂat(A) ”Z
) | Ermelh) so 1w x b (Axe by, ) 0
Ly G A L® 2 1ALy, I for all
- z_ J
ond Ly ) ok X, s (A"'L)urquscm)'o/ NA«-LI™= I'[A’(‘L)nmunw’)“
0...

Seo .'f )(* SD‘V!S ‘H‘C LS f"b‘cM then (A K~ L)nfnuat(lq) a

J.‘saefono’ = A)@,'L’ (A)(;L) + 0¢ 0“”(4.)

1A

c’ l'_su?fanor s A1 l‘onsc (A )) Jl'sag‘aonol € nall (A')

s allenale pn‘chZ
] o{’ Soln )(J‘r Mc J.‘scrcponky
1 (. L.‘/‘ M“S"‘ LC .L o fnnac(A), since
L ai 4 s o radal veclor do e cicle/splese

(A
/!onjc ) mkml °+ L °f ,‘““‘ﬂ ’qJ.“s .'nk/sn‘-‘aa
reaqe (A), The cincle must be l»nnyal' lo
He ranye “-w, so He radol vkt is L {le lmnst-

~
I
a
£
=
=
2
o
ES]

J-‘swpua; € nul(A")

’C__on_{c?umce: at  sola Xy, Jisaepoat; € anll (A)

so...

A“(st(/tronq) = A'(A K = L) =0
rcarmnsc.' :
‘(A A) x,- A*L
the notmal eﬁ'_".’

U (Cen sole all LS melcns L7 salv.‘nj a linear sys/-tn-‘




'Ei: given A€ &MM, m2n o/ ’.'new/, wmd.  col’s (ﬁ-/’ rank)

ad LEC™ her He LS publem:

fmcl X,z qgm’nf”ﬂ" lei

e

Las a  uague Soln ﬂ/ ay b and X, is  Jhe wnignc
7 7 2 7
Sﬂlﬂ L #C nxA ‘l)'t@l j’lkﬂl:

(votwal a,n's) (A'A)X,’A’L.

I

Af M2 the 'lonlcmslvo.'nccl " morg consfraints  than q@\jees

op ﬁthawl b

1 WA 13 13

w J
¢ m—

(nzm) % (mxay = (nxa) (2 x™)

—1—

Al

(ntn) * (1) = (n)
0 Hrc norwal an's compress e problem bo a1 nxa Syskm of e;u/wmf

/—‘ "7 ,/o»/-'na ”‘-5‘

’nol.u: ,‘p A wmen ﬂ“ rank  thes AkA s Axn, a” raak  (lia. d. coli)

se (A*A)"' exsls...

- (ATAYA'L - Ay
—

psucdo- iaverse

'DLr: gver Aeimﬂ' “zn, fu" rank, e pseuds - inerse of A s
A=y A

4 -
ad ALt X, sohes fe LS thl‘ﬁ, witimze NAx-b0° V el

X (m)

(1)



how o compek A’z (A5AY' A" 2

usc a

Jc""f lo aveid et’,l.z.“ mesSes. .-
E (sv0). A-UgV" » A'-VE'y

A A=v£‘u‘v£v vf. %

= (sa)

I ] N GIARP
(nn.) ‘—"'—’
wn'=vov

=D,
(an'a-vDo'v

vEu -v(o’ {‘])U vl "JU
:\I'd ° [ ° :
IR (0 e

° s°' qff‘l""j AL .'nr'-‘ci“r:

AT o

reciprecale oll 6 £0

;:_ 3. z:éjhl‘ 4 X,: V, __fﬂﬂst(A)
b 1
a'kmal-.‘ugly L J.sa;fnng, = (A«,- b) € null(A*) = fange (A)
. . . 2b
A ¢ A".U"’“y.lu‘ 0 so (A« L e range(h) *
olrady € fange(A)
Ax

. |
— La linear syska

é’l"_‘ g A maa, Ll rene Ax
. A<QR, Quu, Ruen

“‘M (Q R ) L P"-gu) £

¥ L] r
b: (QQ™) b 2 mdlypy b, Q.. Q'QQ'R4: Q'@ Q
Z Solve R Ay = Q.L w/ S-LsLL‘-M

«

i
[I&e Same QS r’m—j A'Qz into A‘

x: AL (AFAY'A"L: (R'@*'@R) R*Q"b + (R"R) R'Q’b
T
SRRR QL - R'Q'L s %7 RQ'L 2 Rav 0.
~1
- ghes bee  diffreal et mebhods

Jumf bosed, solve cracky i cract arlhmehc in lnikly waay  Sleps
'. Snlvg v.l/ QR (rr-Jul:u L«eJ)

Skl ol

shble essigh  (hkond shbie) in-beboeca (usaoly, [l caneah)
2. solve w/ SVD (psueds inersc Lased) wost shble  (hockuerd shobic)
3. sole w/ notwal epaakons (LU of A"A > Choksky)

slowest
' unstable ! (s,-v‘i E(A) whea c“-‘b”’
lke LU, bo

a JuJ m is wm"-“c.‘,'!)
Ceploils symmetey



1 Cnnpqlfsﬂl ae J-@I‘ MeHst:

the  Goldilocks wethod, comprom:sc shL."f‘r 3 speed,

X Numerieal  method -f choxe (u\suaﬂ,)
. Pfarc‘-‘n: use QR

a) Az QR (Householder) ¢ Lockunsd shobic , Cosll O(2mn®- %) l
(-} ~ ﬂ‘- ﬂ3
b) Ca"fv‘c Q* b c'ﬂr"'c{") & cond 2|, backwed shible (w2a) cost: O (wn) & aaive } u

) sole Rxy= @b (Subshiuhon) « bokwed shble, cost: @a?)

usAD _

" Skbll D bekund shll, NATSAYF-LI= lAg- b0, S0 = O/CEL)
to--l-‘l.'u'naf o-J.".‘u-'nJ N orgaal LS problem

‘ﬁ_ v zm'l_e,s,,-‘ (st f QR)

2. Psuedo- Tawsse . wse SVD
CI) A= U£ V‘ (we den't Kaew bow Jo ur'.\ ye“(-?_" tu.\‘ a(l-mlfllul)
nt 3
L) Y - ;:;(VJ‘ L) —— cond ¢ }i“), backuerd shile (ng—)‘ cost a(Mn) W—‘””

X
) %2 Vy e cond=l, bakwad shlle | cost O'(a?)

© Slbbly D Gk shible, NASME LIz A0, BM - o)

Condlionny < uabluning of eryesl LS pumblen
sl v Zua® b lla3 (st S SVOL sugly)
- ¢ mosh maive implemestabons
3, N‘f“"il Eluqiﬁms, use C‘lo/esky Y] fx A*A) BE carefuL
a) y2 AL e— bukuord shlle (a¢m) coud- KA  rosh @Can)
) M= AR — buckwud shable (n¢m), bub... Spores condibonng  cost @(mn®)

c) M= LV ¢ unshble, backverd shible in rmc*-‘tc‘ cosk O( 2 n%)
J) solve ll../: , (w‘L-"J .‘Mf'n‘p" va redwckon) é— backwerd sv‘nHt, and sl w/ 'p-'va‘-:‘wﬁJ cash a(,,‘)

C) solve UX‘.=W (La(k -sab) ¢— Lntk\vo/J 5,‘4“&' cost & (a?)

7
2. nd

cos) ~ mn® . %

. CL.Iuk, replaces  skp €)W/
c) M= R*R (R axa,  upper l"‘“"_‘l““’) all_backwards _slable

tosf or Clmlfsk)v = ‘é"’

,J‘) sole R‘w-'y (- k"'y' wplet via reduchon)
Chalf Hhe cash, exploils symmehy )]

€) sohe R xe=w Chock -sub)

: 5"&1‘»(‘“‘7: Unstalle. -SIuolt; the L’oanIl’om‘nJ whea  K(A)
/qra¢, or, whea a JuJ K} Gmall J.sm, soln) is qw-'la‘k.’.’.’

“Cost: ~ mn® + %5 0% (% st w/ QR)



* The U.@«, Dtcom'pas-"l’bn: symmehaed LU (sec leche 23)

“Gien Me €™ (sguse)  fhot is

. Hermkon: MY =pm

2. posifve-delwle: x*Mx >0 V <0
hea I Re €™, uper hiangulor sl

[ i//\”\(/ }

T ke Lu
ex;er} L

'@: .'f M- Ak A) Aecmm l’u” rank  then M s Hermitian
an ‘oosil-‘vz JCZ‘A-"C

c We will continee this 5"’7 m HwW 4...

'#.‘5 CoMrlCltS oul sley o[' c/-‘l!c}' MC“M‘/S
Jo-‘na f‘ln/olJ w{" use l‘quhvt /oplfﬂl'?.ql-.‘oﬁ Me#nls.




\Jeek ‘ r I}aq#-’u Jkum!s L’ LS 'p/ales (anz/ in‘lo lo oplim'lq‘.’on)

. ﬁlJec" | due l/cr/nesln,
"HW 3 die Thursday
THV Y posks dongpl, due  nexh Thusdoy

* Goals’
* LS as an ophimization problem
* Jeneral swiey of oplmzaton 3 syshem solving
. Jenua' survey o! e thods
* Convergence rake  omalysis
e
 gediat dosceat fe least spuaves
* Conergence raks, roml-‘/iu-’ns and chl-‘nj
- accelemtiny gradiert desceat (womerhim $ aaclecated GD)

. ﬁtv.w o . SI,"’ but cheap (S60) vs. CchI [ expeasive (C6LS)

* Least Sguaes as  Oplmizahon

mMxn

. S:M A € c ] ™M>n " \c'“ rank 5 ‘U € C.“l Jonl
r"nJ X € C" ﬂt'ﬂ-'ﬂfgn"\s.'
—_——
domain s f()‘)" A x-L “l
a Jf ¢ \L
‘ fey = Mse-tn, = £ (L] - 1)
i ,r

V4 ] A
i [~ LAXJ c (I” fow yp A))(
A ) i
-leok-ua L X,

’(ﬁqﬁm:i f(“)g ([A"] - b, )‘ eror  in e
x6 (L
npr!n.’

whee f.‘fn—'R’ C* v of A)-x b
P = A «-bil°



0 er.w;gql.',n soe  qenerally

fd  cagmaifeof [0 >R

xe 2

° Joam'n: Q 0 OJccl-'vt-' F

b )
° n°ﬂl.‘ﬁcof sy.skn.' ‘I(‘)= [kf(” , L" Q-c
L;(t)

o

o
Solve L()‘): J 71— l(ncal S,slsz A;(‘)“ [A"J; _Ai

o

3cnerqll~,l '“ng are ﬂa# Jl\f'ﬂﬂt nrrloodca £’ .So/v.’j
h(x) 20

in nlLilrn'y dwens ons .'{) 11 Qe nonlnear, .
. E_‘ Suppose A[(-l) s a  pelyaomal Jercc >
al siufles'}‘ 11; is 7qu/afn‘c
. if &Jmc =z Z, solumj h(x)-0 s :ruvn/c..}
3 I?mluj he  reols of L Jcam—, Zm
polyromal (AP 3) mpessible Im > 9.
° Canvvl’ MJO OPln‘bek‘oq f'ebh:n ' f(") & “ll(")“

7

Ee oo lll.mup[g. (Il.,.u»’)]

<LS: b ae  lacar, p=2.

* C‘QS\-?:L.‘«\ OPJ"ﬁileOﬂ:

¢ Jqu-'n N . is aq Po:n#scl 2 dscete/combinaternal ol (cs)
2. e I‘R" N+R" 2 corshrained opt.  prellens
3. N =R * 2 wacoaslraimed rr.l.len « LS pro blews



° S‘l“""‘:

l. Convex«'ly af r: f is conves over a seb S £

L aty K, % €S and any 4elo,1]

L)

-0 + 4!’(1,) B F((l-#)»qo l'tz)
[Jlf-‘clh caes > [o leco, 1)

* More ally . ;f f s conex over S
hea f[amm- comb. of poits i S] ¢ conves comalb. of f[rc?lls}
sty <
X, x,
L ;.:3/,1 : 1,(-‘:::\"7 use amer-‘ly b J.W‘m e<sfeace

3 “n n‘?ucuos .“7 mMinma

CEel if s ampet £ s skl @rex bher I e e
misinizes A, (global)
TExl f F s Lewsded Lelow, sheclly comes 2 f ] a
it K fhea & waque & LS probems when A s
fl mak.
J€ lo Ul cantee, £ £ al cotee laver| o |ant| S0

: f s Noncemex ‘{ 4 s n,lr JI.LqH, ConLex

[‘Tf"muf hodd, adwb oty local  whinima ... [Cﬂlﬁ, viable
Skr S'Zes

Z. SMoo ”-m:» or r: ‘vaw JJL’M‘A’OL’C s f?

* what derivalies ecst B whee
- how "'35 w LSL ofder clel‘n'vn‘fu!_s

k:, ‘u Ccon an “.«3
e ’;neJ-'d-'scMss
of local information

- Ls FroLlens hove ?.mJ/ml.'c f oll  derivolives exist

bt ey way differ

in Sto/t.“
"ww le c(lu;/ local .'nL—-wlbn,.. Iﬂml chﬁl Tn7/u Series. ..
'_Ei.' cquﬁJ f()‘) about Somc .‘Iﬂa‘t xg:

T 0 T
f(l)z f(xk) ' V‘f(,(‘) (<-x.) ¢ Z (x-%.) H(Kk)(r-)(k)



PN EW) L 2.0
Hegd = ) 2% 3% Feo |
: A x:e,

“whee V. fee) = ‘
)-‘" r("g) . '

T T
r(»‘) * f{m v U f(xk) (- x> + 5 -2 Hee) C<-%) 1 CCUA-2 )

v

local quadichc wodel > takes he  gome ﬁlﬂ
as f ﬂl a LS problem.

9 OFL'MaHZ ctilesia!
CExl 4, € ileries Jf n s f s coMvx on o nejLL.JLnocI Pt sk ophenally
(h"d‘n’a

S (aﬂ“n-w‘dj X, her 2, s a  local miaimize

£ VL) =0 (-—L
LS rnlem,

- &_ £ problem s constamed 2 JfLw}  crleria
[L..JranJc walliplesrs, KT cond)ions)

P ncwas (lanl:vc) K{ convexX ephﬂfla‘-'on:

iJﬁf Scyacnce .r gresses fo the soln X, thot Je# betts
with  each update
xg -
(3]

Ko > XK =2 %, = ... =

‘ ‘l7f‘“°“7 ..rJolc Le 2 Kol usi1q f(xk), S Vf(xk)l % Hex)...

use ]
R AS‘»~7 ef iherakes l. ‘n.sluy o[ local eslimatks =2 leads fo  wethods cnrloyh(j

. »
“momenhan” ot “acceleralion’

X, X, +s &, NcR

ow‘l“ sk € ‘R c‘/‘f’ Sr‘lc) ‘L“J'.'J #‘q‘
whee 2, EIR" Cskp dwclon) | Skalyely
T
: ic_f,' a dieclon 8, is a dbsced Jfreolies
‘.[’1 ﬂ/ 0/) s..ff’.z-'u!l, small s
i’(”K tsg,)¢ £

descat s kr,




cordet of a method s Jhe Jeyzc of derivaties  wsed to

Omruk Zk l—rqwres o) J:m:mu
[, :f we ow‘, use N V,f(xk) 2 ,‘L ordes ( Grdieal  desceat)
z. f o e ¥ V,f(wl & H(x, ) @ ZNJ order (Newloa or §uasi= Newfor)
er,..ves On?) o flceaces

'I-raJeoﬁe: 2 oder  webheds o Foller pe skp

bat s‘qs GC Mo  expeAs\ve B less-robust (ltr--‘rl more  Conleals)

* wWe con SfceJ cwu‘»’ahoa vf urJ-k ‘k l’ us.‘u3 c‘,znﬁl Iecn‘ arflot-n-al'-‘eﬂs.'

L llug Bhe 4 of veiabls % Mot ma chesze po b osiosoyl ol of Axsh
updole P coordinaly  ckscent
2o f
f("):l_gf‘,(‘) — r(x): lll,(x)lr”:lg[/,‘_(,);' sub-sample mws o

‘rtl“t usMJ S-Lseb of g q# each _clef

f Axzb

©in eciller opproah  erdering F e mbsck  chasen
conbols  copvergence  rale
cofl bt do paln  bbekuse o sondem
ot Shchaslc potlen D Shehashic Gdient Desceat.
e LSD devie sonpley f s 8 als
based  oa  thev  relobe  aesms
- Shoashe Gedent Descrt  br s,

1 Cgm,d"jg,ncc Ra‘ts: rale aﬁ which error |l X, =2 g°= Je 2¢r0

‘hc-'co",: Statmeals lke ] o eshal C>0 sd.

_ ¢ )
”’(k“ £l ¢C Ix, -x I > enres Jem] th«?‘v-a‘y P e i e L

Kk
"’(K"‘n" ¢ C ”‘,'X,,” Solviay LS problems
Itnnvvng s (ulhu L, I‘u adn‘ C.
e 1S, deperds o melbod used

ad the condlionny of e mobix A

- J_z[ a Sepueae é xxf.;..‘, coneiyes lncasty i€ Wrte= 50 = OChs,, - 51D (—r Fot ae el

7“4"““"7 £ Wx, =20 = a(hk_l-n,l’), cte. L—LbLu order  methods



T/msdo/' 04/2#/2023 - Theihve HchaJs ﬂ( LS

: L_°05‘_"
2 HW"’ faskJ, due  next ﬂwsc/a,

+The LS objeche B guadibe objechves
¢ Grodieab Desceal:
- fieed step size
« exack line search
* Nomerhn 3 Accelesalon L il-conditioned  problems

'l:J:y- "au& on LS

*Lask Class: Sulvu,eJ o‘a’v‘mlh‘-bn fnl-/ems

m

L" tank , Lea [nJ “E C‘ s

* Least éz..m,f iven Ae iﬁ“.
%= argnin E A< bl
xeC”’
'Jnnn.'n.' ,Q’ Cﬂ
cobyeeke: i =R, 00 = 3 MAx-bll* <3(Ax-4) CAx -L)
AN PRV N PR
S A AL - 2 (A% s 1)
] (Y]]
M- A'A is Huni’.u foL‘-‘w‘ Jefmlc (;*/‘Ix;o thn)

* view as  special case of:
So f is conve £

. 36«14' 7uann‘="c loonee) oLJecJ"Vt-'
fer- 5 (S Ma v 2% i) He € Hamiun p.d.
jeC’, ceR

g r N 2R, convex af Xy , analyhc:

feor = fee) (V‘[{x,))T(x-x,) 4% (x-2,) Hz,) (x-2,) + OCI%-%,1%)

& ) Tl fa -9
+y,°0 if Xy Hess e ):. 3:.. c(‘), y "
s local minimizer 3:, ~- ):,, iy
Hun-".nn, f”“""’ Jgﬂnk f coavex of X,

° Mofn“ Slqu erl'.'n-'gol.‘on on LS ,‘Ual.‘wt

lo S‘qu Je«n‘c Lehavies of orl.'m'zas nest  Jocal conlials .sk.fs
orde  methods

29

MiAMa,  of, whea 4sing a bl quadratic  model



¢« Can also vew as  special case of syslen Solv.‘w3 via

or’-'ﬁ.‘ to‘-‘-a 8 ".(‘)
hA-€ b€ -
L“‘(i’
am o solve . | "hl LS. hx): Ax-b, '=Z
Le] [o ! (4,1, ] fo
hyox o ! [Ad,- b, o
heo - [ F[2 [0 R YS TR I i o
: : . : :
b %) o \ [Adbm| | o
)
So, min'mze fe,[J.m‘: “"{1",’ “Al‘)'o" ] S0, mnmze residual lMx]_‘LIll
P “" P S, | toe
P a w2 = I = b, !
ol "= “,‘.(n)l 3 Jh, () -0] z [Ad, b,
R LT VT T2 A e
2 s ] is 3 [
H._u)lr ||,",.,-o|" ) '[A:];L.'
1

- choose p b kol reglaiy of FC- oo,

ard  te sease in  whih erors are  swall (r-—*wl mox cimf, =0, # of constainls  wnsabisfed)

* whea Malﬂmkl ‘7 ’ﬁdss-'nnj

J‘f“«'a/; on #uc erfol moglcl in Jd}c

(r:Z ¢ Gaussion errors)

: Lalaknji on/7 l:w; on  Subsels

subsels .f vaciables o} o fwme...
“ bakeh on/] use  votiables X Lf Je 5) constrainls i¢ C
xl
2 %z
Minimize 2 (“ﬂ]f ) o x| | W x, {.’m’ wnless JeS
ieC
xﬂ
< Ex: S:fllzlﬂfl C-§23%, Xy
‘2345 J‘
R' AD :: : :‘. “eC ] [0“ 9, a, % [5.] [n_' .
s[CDAD s |V new swaller LS problem 2| -
s ‘;‘ :i ceC P % o |, b 95y agy
S xg [ 1
T e
cs ¢s

ee I‘av/j/taﬂs;lnlﬁls ol

. Sa‘v.‘ns ‘n“blﬂJ Fm“fns s dhe same  as s,[v,',,s a LS ’roUtn Sizes  m=1CI, 2:1S)

Re sl 1cl, IS] wse diect

wethods (qnnl,h‘. answers  available Lr lcl=l .¢ ISF')

“cost O (ziclis)®- %1513) per bakh f deect | ollewise —> back o ke LS mchhods

- pick  bakh order/sels  shchaskeally > shochashe amJ-‘uI' wethods

(‘“"”6"‘“ rale M on :hufl-‘uﬂ I.ll:l w’un”y not M.’Ln over rows/cels)



¢ Shope of guadnbc (L5) o jeches:

© qiveq f(,.)-— 12 Mx 4 7%« +ic
Ls! M=A"A, 1"=Ab, cai't

Toglec M= Hend, p* 06, c-2fe)

“,, Me C'M, Hau:‘wm, quil-'vz--lrf-'ﬂ"t‘ avelible

- minimized qf 4y then! Vf(x.)=0

Vf(ﬂ)-‘ Me + 7 so V[(‘)'x=x= N,(*4’ 20 p—> M,';.’ — x,* -n-!7
* fsueJo - iavese

* ’__A_:_..
LST Ms AN y=A'L o oMy = (PR 'A'L S

s-‘nfl.g L’ sl,-ﬁfu b le ceered ob x, ..

* *
'i()(-x,) M(x- x,) = é *Mx - (Mx,) x ;;-x,*ﬂx, :'2‘*1‘1: vyt 4 d

nxv:_r constant o

z r(‘) + somc constnl ... ‘{71‘_, l
So . ‘[ []‘-"\ |:> o

r(x)= Lg (n-x')‘M(x-x,) wp )o qJJJ.’vt (oﬂslmﬂ‘ \*/&

.
K-x*

WLOG, assume X, =0 (else, shfl coordinale syskm)

S M 53 Ham‘l.'an so i} s um‘,’of{ly J-‘BunalfzaLch has .
real cijuvolue; A,(ﬂ) wd L z'buwdw: V‘(M) <l Ls: M:=A A‘ -f A ks SVD
L * ¥ o .
Mz VAV AZUEV" ' A"A-V 84V
Lyeey so A= EMEM
and s pos-hive delaile  so )M >0 v yeli,nl. /\J(H)-' i(A)Z’O

e fto2h < Mx 2L FVAMY

PN EY £ 0 ) = ¢ Leamy 0] 2
= ‘-Z' (V K) [ .\‘; ](V )‘) li' r() Jé & J(A ! VJ ( K')”
b Ia«JI‘u af rhucc\l‘""’

3| 2 zl A)(H) ”VJ* x”z -f f‘s,JAq‘ onfo u, Squor
Jel T
‘Gﬂdﬂu -f rIpJecJ"tm

of % onte Vv

i 574%&



CEx N1y, H MO ORSP "fm

L(Hvea) f
a'onb \/ ~a|o-43 \/"-
”‘/,’xﬂ (AT
),(H)-'(‘(A)‘ I“.S‘ > p seasihvg a/onJ v, z\z(H)-' QM)Z swmall =2 F inseasive ‘IIanJ v,

* cutvalwe olon5 v, delermined by N(M) Gf NOMI>0 cwvenp, 20 ful, 0 cue down )

M p-d- (& )JIH)>O (] f convex )

Of!‘o" r(l) using isoclnes  (level sels)

f(,):c > é“”x c » 2 )\J(H) ”\/J'xllz= E'C X I .
= ."\ /
J ""\) v
CEal DA e 2 e eqeon Lo ! SRR N SN,
% X
-rr.‘«:,el axes = v,l V“,.. f relative ’%JU- M) © (lA) B
|
N PP T PRI T A AT o ]
},7 x) =, Iv,xl#.'V,K \//
{: Vel v, ' feo-2

:
XNV v T, v xz 0 se Tzl se Wz (= ew)

x v, 2 vixs %, v*x z0 s, ',—uxll‘:l so ldiz2 (= 'Gen)

\\&9

7"()‘) s a 1uququc an'

i\& ceaked of x, W/ ell.-,lvnl
L)

isoclines :

s priacies] ates ae |l o cbmvulvfs of H

i foe
’ ) Il b Singulot vechss A

/
p J l L
z “ leagtes o ORI




'I‘uq‘-vc -So‘ul\'on: F(K):l'e X*MK wl!c/t M: A*A (‘ cenlacJ So x,‘=O)

- Sejuence of ilesales Gum ot soln):

X‘QH x") f— ;(")l——-)... q"rontlm‘ns #.e MNm2dS X*-‘D
seaich c‘“redfon‘\ desceat J.‘m{,‘u .r

r(xlkw))‘ f(,llﬂ) E(

Sum‘(yully Iﬁn“ SK

(Ku) k) >
Kk ys e

+
5'MJ7 wnvergence rale o{’ BN femor %™ %)

l’(‘(”) (ﬂ lueclw-: )
PN Cophmaldy, PF6123 = 0)

via  fecvisive uPclak tule . X

+ Y % K
¢ l‘ G(Ju MCH\OJ;. rl‘ck Z”‘) ‘MMB fx’*’_(ﬁ:' ff("n)sfu . Q'IJ ) EV‘I'M’)fﬂ
Convrac lineasly: Nx® >0 = & Ch=™1> £ C =N
sot Nx™ 11 ¢ €5 Mtgh  Ciypinly light be st e x)

Ldeperks on chhed
€015 fol eclve /qu-l-'ais decay Jeonclf-'tn"7 in C. slw f C clse b |

-d .
« 27" otde methods i also usc -7le;“')§;° .. achieve guadrabc Convergene - 112~ el = d(ﬂu‘"-x,ll‘)
o loueh| falls per slp, bull skps o ecponsie (60625 Jo L H, O*) )
uwse i)
too cxpensive per skp in hgh dimensions

1 Mos‘ "‘th‘r‘v«e Mc”WJs C-I LS e }S# olJGI' (DLJe;l-‘vc s almul, 7.4-&0‘-!)

« Gradeat Desceat (b L5): 54::47 search direchon... .

- 2% gfe")

cidea pek 2% b Lo the diechor of Pokst docodt..
e - V.l

MM - @ llul)z xlk) - s, V‘ ”(‘lu)) € 6.0 genenc p
(x)

foe 152 V=V, 5 < HMx s Mx

K‘k“): K‘k)' SK (M"k‘) = (I -sk H)‘(k)' e_ GD' 7"’4’0‘.“
Loa*a fo us

- Queshon: how Jo choose the skf siee SK.’



" Qm:s'ron: ‘now }0 clmo;c /"G skf sie¢ SK.?
- P 5,25 ahead of lime  (coneence rale will depend on ‘“leatning rk” s)

f 5.5 then ® 2 P Uy 2™ s Ml (1-5M)®

So.
K o
K‘k)= (I' sM) « )_ lo epl-‘w'zc codvergonce,
max & 115 5\ (I § = mac F11-s6ea)°13
J J

f-'ck K3 -Io wiamMize

ckoql 5 is chosea s
(4 2

I-s M ll-sh, | 2 s:———— =
’ >\_M( )I Mq X l )nf:')‘ '\“M{ﬂ) ‘,z(A)"(,,‘(A)

. k
H.;q o ”X““u 2 X* ” f C " K‘k) -X. “ So ”x“)- x* “ [3 4 " xlﬂ‘x,"

hee:
~F C MO = N 0) €A - YA -0 s .
M)+ A M) GEAY ¥ A (%)) = |- O (5™

very Slow  whea ill- coadibioned

* So, L [eed s, the best cse wmelhod Cchoie of s) has werst awse nmle (|- GFOHEA?).
(and He bowed s 4‘3“’ acbleved| lof worsh-cuc/adversaral <)

(2]

* cheosc s, adaphively of 5
s adaplively ot coch shp o AR Ty

K
".n'nc SW:L .‘f Z“A s a Jcscul J.‘recl'bn thea 3
S Sm(ﬁ‘a‘m”7 Smn” s.l«

f(xlk)+sz(k>) < l’(}(lk))
f(x)

. ("‘k’"J S S a I-D orJ.‘ﬂ-‘qu-‘M flp“eﬂ...
- solve a r’;mxmaklr L’ back Patkv'nJ,,.

/ (20 52)

s shtd w/ Iuoc s
- derabvely reduce s (lackirck)  unkl

fev s 2%y s s-mt-""“)‘ speal]
rekbie o "(i“))'

* Etact line search: fmk Sy b mnmize
r(x“" +s e(k))

(JMCJ, ske size)
am. S, = argmin 2 r(*(k)‘r sz“")g * arqmis ér(x“‘). s 7.fe")3% g™
H S

i
!— IV, fecom?
7 (k)‘ M ¢ P )

. L e T 2 TN 2o
L_ [(‘)_z, N" V‘f(x) Me > S, < yE ® (...ij‘nam



* 6D W/ exact line  search:

*
x(k) Mz"(k)
(K+1) - Kk ———
X = (I - s, H)x‘ k whet S = NCNEPL
L )
fMEkMM#nIm'on: j.-.,m )(“‘) Ao need L( ,sralm‘ .'ﬂ‘;

(i) comprie Jlk) e M
z *
(i) compute of = l/jlk) I , B+ 5“!) (Hjl"’) M‘I’JCI Solve an insse problem A4, 5k
Gi)  sed Sk = 0(//3 using ml, alqu Nw/#,l-;.d.\,, Ll
(‘V) x’k“) = d * - SK 3‘k) A amJ A" C‘veﬂf i() A is -‘rol.rf.

-u;.‘ns a J@JY —‘kf can _sfcccl cmmﬁuzg Lvl'... 2
- 2. ")

: Coun/auw s skl lineor W/ M2k 1] € C 1% %, Nl

and ol Mo (M- Ny (M) - ok o | _
| N macCM) + Ay (M) O (%A?)
s the samc as he  Cbesd) f.-,“{ Slep-size f(x)

and s acheved Be  lodsarinl fomestcase input.

“in worsh-cose | no bt Yhron  fived Skep evle-.. 6.0. [llows = ey 2oy’ path...

“Wershesse s KO punllel o XMV, £ X MV, 2 6,A Y, + 6y, ...

1

CIF A s decondloed KO sl KW' B ey s
5o C s chse b onc. Conage vey sowly.
o e issuc s scabug. A A s lcondboned [t s pootly
soled, for wore  respossie/sersihe o somc  vasobles  thon olhes wel saled

*cas a l!.s..‘“', 3& Iafac wa/fa‘s f""\"‘l""j n  almest enA\cl,
e wiony direction !

* Zig- Ty e Kon g mary  oves-cofrechons b the scasihve vaviableg |
while waking  ccheacly  slow  prgess on he  inscasitve  vaniables!! ;/\
L) an wolse ﬂ»c sml-‘v'3 #‘c slowd <'0KIJ"’“~ z\



S o 3 Aaelaa#on: (avod L 2053;413)

Falyaky
* Momeahur . narporale past search direchon i curreat seach dichon
(Nesleror)

5 Acwk/q‘--‘m: 'uak ahead alnns rqsl- Search  dieedion o ewleale jmem#

-w/ orl-‘m'sz Pwm‘us converqe ,mzu‘y w/ C= - d(/flf‘l)-l,‘) = |- a(/f(A)'l)

(vs. €0 |- &CKEM"Y = |- &CKAYD)

+ beter, converge of  Squove root .f caanI.'u\‘wJ of M, znnJ:L‘aqMD of A
'Svllu s‘ow :’ﬂ "C'y l“‘(bﬂJ"A'W‘tJ-.-

*Queshon: Can we do Lebler?



WGCK ¥ - IIUG'II‘M H&Mtn{s Mcl Eﬂeﬂo/«c ﬁ‘o“eﬂs

Lﬂ, - 05/02/ 2023 - CnnJquk Gradieat Desedt ard Thualre LS Solwes

. L—'Qﬁ o
THW H pusted, die this Thorsdey
WS posted, due et Thwsdoy
. ﬁ c
* Lpiuiny Giodssh Descea:

0 NaMM‘uM and aceleration
*4 newr ophmal be

o Cm u;-'z 6/“‘-'%! D&‘:
. Ilg.l..,g H‘#.J’ avd thl.‘x B”I"’n’nls/ o (.3‘3“7 $ coﬂvjnk gﬂst.l

° '4.‘:1-'#-'2-'”3 k /zs;J--/ over :uv‘-.sruts : CMJ':)““ 6’“““* Deﬂfn‘

* brudirt Desceb is Shuw! aim, mamize )2 50-x0" Mec-%) oo M spumchre, positie
for LS prblem: M= A*A, k.7 (A*A)'A"D
*lost week we saw Wb €D Converges sLMI, when A or M
ore  ill-condidioned ,
I < xgil, ¢ €51 - %, 1,

whee .

"

C- Ao (M) = Moia(#)

|- ¢ i
Augx (MY + A, (M) ()

C#l whea i“-cnnJﬁL’nncd
Cam (A - 6.,(A)

e e l'@(/i(‘)-l.
(:_‘ Q) + (f.-,, Aa) /

* Momeatam 3 Acceleration . (avod 2iy- Zaggiaq) by qJJusL‘uJ ovr search diveckon. ..
° ﬂoﬂa’lmﬂ:

v‘nqur.mlg Fq,J, search diechvn inbo  curent  search diechon (Pljak

-1)
P ‘lk)+ s, 2 £¢z)= -V I(K("N t, PG , =0

q Akafq‘r-'M: 'aok n‘nco.‘ ql«ms rqs" Search J~‘¢t\lﬁu 10 evn/.u‘c jfaJn‘mJ’ (Nesleror)

W/ fieed pormckis  converqe laescly  w/ aphwal €= 1= & ( Ky Z) = |- OKiay')
(vs. €0 V- kM = |- &KAYD)
+ bellr, Converge ob  Squove root .f canJ-‘L'om‘nJ of M, [,,,J:L‘“MD of A

-s\‘l“ s‘ow .’f vcy l“‘[MJ‘L'nﬂtJ-.- Can  we do “”"?

: @J, dhe opbimal  momentury  method adoptive  patamekess Convraes in exacty A slqn.s.'

Jeﬁm"lt



< how 77
>
'J.'M.. K(KN)= ‘ﬂ‘ * sk elk)
LR N {0 WA O Tt
pek b sd e squuoe f seanh diechons

R

are a“ "au‘:yk“ (‘L,. )

D_Gf J’ﬂ "6 d:”“/ ”«a:l;'u, rusl.'vg Jeﬂn;/g 'DL”-’ we Jl’ u lﬂJ v are Onragl‘t
ben  the  pudect  Lu, v = u'My { « Lov. Tut s <u vz “My o

is an iamer fmluJ' tuJ indates @ asrm

a 2 T
en C, Iluﬂ,, 2 uud,,u Mu

caim fo werk w/ 0»3«3-" seach diechons (L wader <,02,)
cacdel cn buld o seb of cogugekc diechons
N0, b,
fom o sejuerc S proposal  rechions
Vi, Vg Vg e
sh. spn a0, 10 = spon(¥,...¥)  via  Gram= Schuidt wsing 0,02

. 7,( N o v-4 SU.% ’

o He av.sm:s qlJm'Hm s the  momeatum wethod W/ anp‘-'w .slcrsi

X (kat) _ ®)

s 2

l(k, - -V‘f(x“’) + £ b 29

gk K
Hab  minimizes  Hhe  objechue Some  Gashoat
P - g(x't'ifn ) = AL . :
o oll pussible choices of S, b fe ol Kell ).
- Moover, only uses *x,x-l (I-li=o £ ek

.n" n.{]usls V‘f(x‘u) ‘, las}  search J[ec‘;'lﬂ

< So, b derve, lebs sluJ, the sequenc A o Jcclm ﬁaclﬂm

values  and choosc St Jo minimize he objechive of ech K...



et foo: F o) Mex,d 2 A LR sC
whee Mz A*A 4 (AMYATL
e = M(x-x,) = A'Ac- A%b

< lets  shed  w/ J./.s# Grodeat Descent :

()

L Y

[0}
o xw) -s, V.f(;“”) H’m= xl” -s, MCx- %)

— x

"

@2 s, VJ’(‘"') [P I s, M(x'" =)

”

emoe: Y x®- QM) N ny N,

y: x-x,

() - s, V.f(,w)) e (x2,) - S, M )

192 x-x %y

m = ’n) -s, H,la) - (1_ S,ﬂ)yl’)
YO O s My (15 M)y P15 M) (T-5,M)

=[I -(s5,+5) M ¢ 5,3, n'J,"’
:[H‘. (s.u‘)H‘ + 5,5, H'} P

NUR [N'- (s,05D) M+ 5,5, "'JY")

f‘(’ﬂs)
FCEIS) = 3°-(5,05)8 + 55, 5

T

l
um) ’ nrud= (I’S,H)yu‘)

16 (Mis) ,©

Conclusion * error of skp K, "“’: = xy

5 o polytomal N4 4\’“ K 2 M
v cocffints delermined b, 50,5, -

) )

Jimes y =x =X,
. llw) l"' )
I’ S, 7 when Of”""'"l“'b over
[IDE rm-er) e choice of s
Je

the anl s o
mae Il p CHISI,
as  swall as pessible
by, < U ousd, iy,
= s JaH-



use  somenafum
Ked , (k) %)
4 2y -5, 8
zlk)= - V‘f(‘n:)) . £ } Z{“)
e —— Jek Ky

Mylk)

. lynomial e kK n M
bhea : Somc poly °41eC
r_J~—_—“

7“‘"’: F (”": 4)’(0)
1
[I Fe (DM b GBH N ... 6D n"_] 7
tqlwnys Just I ok o)1 sine  7@- -V‘fa""):n,m

|
gk 7.“) v s P H,’” b Gist) H’y"“ b Gl My
I | | !
| { | C.G6h
F 110) N '4,1.) Mt’“, ... "x".) t,vlj,u
o ! l 5

(Y}

3
. wed ke ((mlnnl‘/) LA I L) ] ceh < -,1-)
’./ Some K

2. 7(kbl) € 710) P s'mf My, ,",m' H","‘S

ﬁk("' 7“)) = “kly‘nl Suhsruc i

. @_ﬁ :t’ M has n dishact eirmm'uu ) Jhea
(or aluwost any input veclor 7"’
dm (}ik(ﬂ"’“’)) = n.‘n(k‘ ,,)

nen

they  siace Me € ﬂJym)e CAJ So )ik(n‘,"’)e Cﬂ
So, £ Kzan
/fk(H,,lﬂ)Q [ L fe Kza, }ik(”u"')‘ c.
J_."(Jik(n, 71-))) =n J-)

“So, ... ofee a Skps }{,(ﬂ,y"’) = ¢
“lus aa‘on'n; any veclor in C‘
i Pq‘itu"(. iJ‘ con}m'g -—’“).--

b 3 a0 cellicd vabe & si

Gl S [ —

. )
) ) ne. X = X, e i s
7“’: 7"’; [u,«) nEe n‘,"‘] Cs= 7" -y =0. > «, Solve in :kf

. u.,,, we L.,.; }o e st ey sd. qfw a ,k’,, Yle errer ,m,o'



« Moral : 7“‘)9 7"’ " )fK(H, g @) & Spoce of] possible  errorts

r'( Kzn it's fusﬁl'u‘ fo [ﬂJ
hs fo sobe  the

left  over afler K Stegs of o momerturt welhed...

_’a)e }ik(HAY"))

ophwzabon problem esaclly.

Ophmelly o cuh_stose k:  momeatum wethod w/ St is ophmal if

7(KGI)= arguin 5 c{r)s = argmia & éy'ﬂ,g
75,1-)‘/5“("”,,,) 1‘7")05,(1’1,1"’)

g o conule bas B KM, QUES e gy
d s pessitle o sole s K0 ecechly ...

CSupese QU EQ0 9% sl spal@) = Kiym, y>
SO ) L

it
I3
y"“')e '™ }ik(ﬂl7m) =z ,'0* I o, 7:,:
J=

k L
,:k«)= £ (6*0&) 10) R z FJ,(JJ
" 4= J=kac
'I“)G ¢n= )5,,(”'7(.)) = é" /SJ 1’1l
e

i{ #c g I s b

make

Ylkvl) as clse b 0 as possible

thea, choosc

(2 Fy .

o 5-‘1-;:& an__ ouline L o mecthod

tun 60 + mostealum w/ odoplie skp sites:

KkH) «wd >
“De x5 2™ 2™ -nlew) o é“‘g 29

e 200 U (k)
whet 5 and b o chesen sl e errors scl-‘sgv 527, 2=y

’(.>: x“)-x‘) 7‘”:,{‘“-‘: atgein ?f")g s 7::1'
1"“"”;‘"-7"‘)
whese :

. Qu): ?,1.)’ i,nl

®
Jé. XA /’kflk)

Tk posnbic Lo ol dentie mchods saing tnmanbum
9°8 s a L,y lbosis
[ le (=)= § Hyw mE,™ n*,®5 = ;r.,.,f V“,('m), Vxl'lr"”,n- 9, [(’m.u)g

© B saisles 4. 4 F_,'[l-‘) Ccocflceds of exposion of iwikal anc
e

ondo e a.:juy‘c besis)



"-AMSJQ'I - 05/04/2023 - (_:»U.:jnlt GMJ"M/s and ﬁwu Lhenon

Logshs:

* chclfna ‘)oskd
“HU Y dee Aoniqnt
*HW B e nect week

* Goals:

. [og-ﬁak JIQJ-‘M} ckulﬂt

3 wxq
(32 3 Ce-x) M- SMA<-LIE, Ae €7 Ll sk

* Las} Class: given
M hermidion positive Ja!.)w-‘k
whee M= A'A << (AAY'A%L

)

uaknown

ther an ikiohve  Momenhm- based method sels:
- M-,y = - (A%Ax- A*})

——

,("‘"): ‘uo‘ sk zru) where Zlk)= _V‘{’(x(u) ¢ £ &ng)
Jek

(inclades all 6D methods ‘/ St#.‘nj #k 0 V JLK)
J
k. X‘K) - Xy ( r[,)" i Ykr’y, Vy [//): M,)

has etrors: y !

un‘nlncJ in  the s¢iueﬁm 0{’ afﬁu Sulv-‘rﬂlﬁ:

K )
() 4 e, y*=,9, @) cls4
7‘<e 7@)+ Kk(n..l.) .. 7 V4 Jé(”)‘ ) J’, )
T S I
inikal etror tf" Spacc | e (00C | Moviag whee  the acmc:a Is ¢ (4

whee
determined L, the recursive rule

}{ (I"J,"’):SM M, M@ ”“ )
“ prad o2 5 '} fe s and

is u,c K“' Kleov Su'n;ﬂtt.

'@.’ £ M has a dishat eijcqvalwa/ 'HM, [io aluost any 7")
}in(n;]“’)s C" ‘o ’{o')e)f”(ﬂ)lul) 04(1, ﬂ( q’ ’l')l yh)EJ{k(Hl,‘n) a’ Some K‘__n-



. u,“‘ any Momul»un MeuloJ Sm‘nkﬂcs:

f(,9) 2 arguin 0423
767"’&]{1'4 1)

and  He best possible  momentum method would set:

’tk)= QIJMM { I,[y)g “us woulJ OGL-'Cvt 7 (o 20 2 K‘k) = Xy
ver e Ji (M, ) for  some K <n (provided M has
s.‘u‘a lc t:"jenvnluts ).
. Sg‘ our I-n/Je" is Jo 5c~l*/§o|\ﬁc:

7“‘)= quum { ‘,{7)} in an iksalive fash-‘m (must  achieve ""‘Pl""‘#l
ver e fifn,, ) via carelul choice of s ard 4)

)

( ' [
. (] =
o wh-k' y[k) < 7(0) p ["7’)4 M:’m Mkyl.)J(
| I

and ey o solve fe the c»cmtiuls C...
. " K
. ﬁoueﬂ. Jle  bas:s 8“)’ in y’“SJ:, s exhemely M-conditoned. ..

luby? £ M:VAV' whee A VSV, A: 872
bhea vz v 5ol
1 I 1 I
‘(VAV VAV (VvAV® YV ...V (VAv')

VA VIV 000, 02V s AN (]

) J A !
S0 MJ7 < VA\/'IY = 2 ()iJ (Vitrl.))) \ll,'

=
[Mﬂani‘uh wll either / o o
'x,'>l>i' V i> | So | .‘r '\n",” N O ir \“....

e ( i
i--' M y >, ") v, + $ (%_)(v;#7m) “’.
) | [ |
<l
5,: ;‘—4 M 7 N Convﬂats lo (vlkr")) \/‘ al U(( ))

-“-»5: as J—>lw5¢:/ ”;c columas op Mlya’ Lcune ~ fﬂfnuﬂl)



* So, need a beter basis ﬁ( ﬁK(Hﬂ“))...

..im_: 'cvuabc orﬂoboﬁo‘ll]... really, conyuqacy (u&haj.ml;l, wet M)

- fecal . D_e‘, g Me f'm', ”ea:l.'..‘, f-:l.vg Jgf.;/c 'DL": we sy U and v ore an.«g-‘t
“m “vc rl-Jud (u, v>~= urﬂv .‘f " .L"v. Tlat s (u, v?n‘ “rﬂvfo.

is an imer produt oad indues a asim

‘ 2
on €, llull, = <un>,= u Mu

. lgl- Quc)= [’ml 7:»'_‘_7“"] be an J-n bos:s L’ }ix(”‘yf-))

(ﬂt:m‘lJ can build Ly n"Ir‘nb 65 b any  sequence of

propesal dreclions 1 v'® v&> . sy
Spon (¢ V"‘)SJ‘:, )= ﬁk("' 7")) 2 Sf“"(f ”Jy")}‘,: ) —— E.: leb VO MJ,M )
“-u: or v92- ) 2 e
B N TRV - P W S S i S e

d 2 -
l” ’{r‘ J"'.erl) i‘_) <7l'), 1(.’)>"

° nm l Con.wch: 1“ _L" 1’J) v i#) So (']")J 19’)n= 1""*/‘47'4’ 0

2. a--a;g of Buss: f we ){K(”,y"’) Lo some K thea I cocfleicals
::[Q“ u:,’ ::k] sl

13
(k) o a !
W= Q w s -ﬁ?")
J:I ]
) A

and, ¥V we Jik(H‘,"’)l w:Q w
we can recoe w lom W vie inmer- products
Kk
RS SIS U D I R LW L XL P
K
: i:£4 ;; (\—1551 '“>n s :IJ "")/ 7'“),‘ S “75) “nl QJ
0 ualess .’:J
IJ) 1'1)‘ I'l w

A
NJ'"i(J)": ' " -7‘1”H"y‘

Kk
Ml g 7(.”..4 FONGY Lo some J, kbwined Ly s ad +

n
.
0 [ “,.)7‘.” A(-)< | ) o
and ¥ z’.\ ! whet 7; ."7’J)”: <7"’, >/-1



3. Objeele!
f

So, il we nerwmalize Mhe basis...

Hhea!

* So.

"L I’:{qkon o

So .

ftn -

swMw
lk)n

wzQ then !
f(")s L(Ocu,)*n(alk)a)

<5 (Eam) (g )

i)

K
1‘1 ; 2:
iy

Y
2 wWow
J

L
[

ub')x

A Y B LAY A
[} K z A
(ORFAARSIEY

f(ym)= ﬂr"”é ;“‘"q))
S

w.. (7‘1’ Mgt )

3 <?‘J>I 9 >~ = -; £
20 wnles, iz)

[3

t,)“

c)s HEGRm e L b o)

®
2 2
24 g @ 2 - )
: 3 (f:."f' A B ,éx 17,

conleo|l w/ S and +

fied b, 4 fied 1y 4
«se! arqmin ( f(,)) is ackieed Ly seHing
1er ) (n,m) —
7=_’a) r.fﬂﬂ Sk
J J
cam b choose S ¢ such oot !
A A
y“ (5,#)-']J
u“ : = <,'Jl* 7"’).4
« N
Y -"""(r(y)) and f( ). Zl M’ end f(‘*’) 20 fr seme Ksa
J 7 1
rere R,  aan
oplmal over all wmomeatum methods So ‘“d‘.xt £ some Ken ..
P . solve i Kn.'!d, oy .‘krs.
(k)= 7(0)_ £ ;(,) ) = £ ;(-)79) 1 2 2 4y . LS
g 7 g9 Ed A I>K Y‘ 1
€Kk-1) A (3] k-1 k1) 4
thﬂ §" = - (le) m) g :7 K1 2 g™ ,"‘")H L
\-—u——‘
= ( IKI) uu)) s flx-l)= é;m D)
‘ “"..7 J:k <4 7
z 7«) u) ¢ ’
[C3) s 1
Y and
lylk-l)_ (t(:: ’,,,,,,)" ?(:) e prcheal ckrakon - (x(k)_ “y (x“"')-x D - (,m PN "a),, '{r)
sel: ‘fk) g (kv) (1¢,<) H(x““’.x )) ?

a xlk") d ( 'ln (A AX‘R:‘A L))’{k)
—_—
9, f(‘ur-n)



+ So, prackeal derabion pule
g A b D M ATA,
VA6 = Me- A% e “resifual”
g X ket 06 MOz ®

(k+1)
xieL xlk) (k)

45,2

whee :

k)

I. search direchion: Z(k)=‘7 — K“' "'"J"S’“ basis  vecler of }ik{’f,/"))

2. skp size: S, : < 70()/ fo'(’(k))> - 10:)* (M‘ueJ_A#L)z ?lk)’r(k)
L —

®-1) o0
"f '(“.s ae  nol ﬂolMQl‘!‘tJ‘ resi dual rlk)’ nohee | x‘k) o ™7 SK-| (30}
S ()G n ) MO e (M s Py
2 kD s M'llk“)
I ] K-
. SmLs‘-‘LL‘nﬁ in L the tesidual |
of sl-se K 2 hoe X‘k’, r‘k")l s/,

o inbodue 272 gt —— bl Kuow how et
G) compule Mg

) compate %% (%0 S (H‘i‘k)) = Vfe)
(i) compue -

7:,;).’ ({3
5,: < 7(0' r(k))/“",)“: a

g "‘"(Ng"")
(-'v) ur(‘ok .

X

k) ®) k)
= x

- almost a fu" o‘au.'un...
hoven 't Sfﬂ{gZJ how 1o compule Hhe

Cﬂﬂduyk seach dveckions ?"‘)...

(k-1

. recall; J.‘vw Q =37(J)§J‘:;' e .,,I, need

w)

a fm‘:gsql direction v wilh a nonzero

projechon ol )ik /}fk_‘ ie. ot f'fK, e

: ﬂ‘v"' 6D/ momentum ' fropose id Vx f(x“‘"’) TN e M 7"‘“)

Some Fo‘yﬂ-d"“‘ ofdee K-l ia M

. ey
we'le nl/an, Showa  Hhal . ylk 2) f("f'i,l)y") + 7’0
K-t

So.
Mllk)“ ”,“) + M&(Mls,})7"’): Some f.l,naw‘n‘ orde K n M

58" V{K) L Vx f(‘zu-u Yze®D g }fk (M) ,m) /}{n-.(ﬂ’ 71::)



“ thea, o Hho goualize
(%)
. f6:) 2

f—J‘_I () r 1
§*= v - L8y gy
= ) o)

G sk €99%,99%5,
2 —
)

bt v®s V,f(x“‘"’)= UL M,tk~l)
"
K1) £ ;")":)

2k

.ﬂJ y

So <’lJ)l v“')>” :("))J H,uﬂ)>~ = { /1,‘-‘)1 ‘é‘ ;‘") "“)H

14K, 94K ”
o MgPek Lok &
3 Tm ik
ualess )kl
So <1’-‘), Vlk)>,1= O unless J K-I!
#kJ =0 unless J:K-"
So .
9, b6) g ¥
— (x) ! J .
7‘K)= w* L Lot o7 B o, *P. G v en
1K <1l.\)’?la))” ('w-a)‘ ,(k~|))"
}
K k-1)
) s DLCRY - b 2% € by momean ale!

. Ca'uuon‘c Gradieat Desanl':
.Mri‘ Al AJ xl')
- compule Axl')-b > A"(A‘_L)
- compule M= A.A
o k' 1u)= 0' 1.:0
ikl over K B hae ™ O Se
(_-) vak (1(“)’ "k")),. /",m-l)u:

) led 7u<)= ‘(k-l) - (..A)/"N"Ylkw)
k)

orH..y-qLu

) <m‘-.k Ny
o om0 (M) < T [0)

(V) (omruk .

?(k)‘r k)
s, <7‘k), r‘k)>/ﬂ7“‘)“: a

7 "".(Hf“") r sl’f’

v) urJak .

sl [(2) k)
L X =X -5 9



ucek 8 e Sgeclml (EI:\'Mmluc) ﬁobkﬂs

Tesdoy - Moy 1"

'!oars#ts:
< HW 5 Jue T[wsJar

* ﬁf)ec'l‘ Z Pﬂs{’ #5 week
'RdaJMs qu‘q/

* Goals:

'E-‘:}ava/ﬂc ad  SVD ‘orobfcms,'
4 CLNGC““"S‘)'C ro/ynw-.‘nl (—-qw;;J1 Cx"v!q(l/ unslaUc
o C'Mpkm’&

* ”c#locls:
< Tao'&: Nn’r:x Pawﬂs 3 ?a,/ca‘- Quol.‘a/s
* Pruer Thetofion
= Invuse Thratron
c R»,Ieah Quobieat ilerafion

. 5&&3‘ Problems
I Suppos Aec
s. b

" lher o eixcapar of A, (4, 3)
Av-\v
and, £ A aduls a lwedy wd  enpreke
Velitein]
AVEVA | A-dairp, )
A: VAV
seiquuclec  publbt 3 cchoct some subsch of Yo exppus
(WD)

Jconfeﬁ‘-‘m > wowr Jfl ('\J:!J) £I 4zl

. SM;.:k( Valug guUen.sf g oay Ae C"M ] o svw o{) A
AUV uke UV e wiky

and &l Jm\‘m', /e, aomeglive

* fecover “-c J.‘nanlo( valees /\'ﬂc‘c,ls. (O;l “J, \/J)



'Conw’-‘ns SVD b ese,waue...

'J‘vm AGC"MM
cidea: compulel Me A"A, g A USVT
Mz VE' 0 usv =v (&) v = v(Es)v”
¥
=v

So egawchs of M1 ym)z v(A)

eigenvalees  of  AH: ).fu):s:'(ﬁ)

or, cauruk: ﬂ’ AA“ thea...
epaveckes of M1 () = 4 CA)

eﬁnvah-s or M: )_‘(H)=(JI(A)

usually aoid... Squores  the qu-iw:ns
Alv

(0]
'-!_en_ Lui“ H’ ) fAolice H s ‘las«v‘lr‘nu‘ (Min) ¥ (min)
A O

“.e,.‘ the egeavalues & veckss f H & Hhe svD of A

TEN

He eiqeavectors f H, «ls of 1

hae as  blocks e singelor vechis £ A

and  the  eigeaviess f H o n moquhde)  the
s.'..ylo/ va lues af A.

‘us.s s s}oLlc...
so, .'IZ we coq fﬂa/ c:’je«mluc Jeoowr 2 fe’KlM an SVD.

'Froblmf Jive Ae €' how b ﬁno/ egenpess (v, N7



vio

* FmJng e-'sencn.‘ls.

'SLAJ:.IJ .sl.rr: Av= Av 2 AV'Avio @(A‘AI)VLD

nall (A ‘AI) 1S nournr&

“l- s weans

So
(A-)\1) 3 noninverhible ¢=> del(A-N1):=0
[ —
Palﬂuw'al !
I*eo‘s of '”‘C

* lhe cbequ-/m XJ ae  the

choracleristc  polynomial ©

P = det (A-N1)

“thea v € null (A- X\, T)

.H.ae s Ao ann[,#&: Luuln ﬁr ”-e Ibols -f n>5 —-’] f
T4, ﬂ>5 -”15(1 Hﬂt chMol

* Moy be lud  the reoks Aumerically , .. be a diect mofhod. ..
but, £ A s axn ke PEY  degre n
lools orz an a"' cls/ec Pelynow-’al
e cxbemely sepsitivg  fo s e Pocieats
¢ foot f‘nJ.‘.:] L.r lec a5 exbemely ill-condioncd



° TOO‘S :

’ . I’ows o() Moll.‘ce; :

*a wmali¢ power, A¥ L I(eZ‘-in/ead is A bwmes dself K himes
Ex. A A= AA AS=AAA,
(_l-ar-sc nobtolly in  dysewical syshms 3 anmesicol melods
A s dogoaclizable lets by comerbing il the
cyeabos’'s,  thinkK about A= vAav”

Bhea: 1. A®= AA= (vAv)Y(vav)
v A V“\’/ Av™

——
E -l
sVA AV zZVAY
1\

-1 J“J( x‘e' ’\Ie = '\nz)

A=V AtV ,
tcs:;wnl‘cs of Az (C-'waul-“’-s of A)

2. A*<AA = (vAVD (v A°VT)
=vA vy ATV s vals !
L—-V‘J T
s L L dug(3% A5 05
A=vA v

3
tcscnulues ol All (le;genvalucs of A)

K. A% v A !

T y AuK p _":
K K Kk
dag (A5, 3,5 . 2.5) [ //
K 'L . AT )
Consdes: A x = VAV x = VA & (\"y )V, -
‘—v-—‘ 7 9= S J |J /
y < coordinates e —— s
of % :in he dowiaated "1 '\X’K
e'qenbos.'s by the hﬁc"’ ——
eigeavalue Cin waguilede) . K
as K =) oo

“-i.s I&Js le #.c FQW mMC MDJ ﬂf Co Mf,h»(b e‘aeavolﬂ an c.bcﬂvc; ‘»Q s



o fhe powes wethod ; ideo, shrt w/ an infal veclor %,
thea Cour..k, x|z Ax, ]
X,z A%< Ax,
x4k Agxo: szz mws.'vtl, cnnqru‘c powess
\-7 '
xK-Akx,,:AxK_‘l ] )

c, A‘
VA [‘.J, Ve® l.:.], A2, «\z:t/z i

Ax

/
,' x 1“‘\ 7
A 7oA
e eSS e L, o, M A s b
// l ‘ /, Q VCCJ'.-( rn—ln”CI "0 \/|
s
2 4 v / ond Sﬂowé o< A,'(

fo  aved X c‘.‘mj‘r:j b © a Koo (/uJe.q.J A1)

of “M«JMS o 0 aoljes" Acl)
normalize of  each ieration:
)erply A
K“‘ S"fP.. W= A Xk ) ‘ =
| Noraalie ’

xkn : ":J—l M )

* ths idea leads do a prachcal Numericall 45./.#»1 £
tonful-‘uj enuvqlues and ebum\lus , woiks L-( /o-ljc n,
does not reyuive ‘ﬁnJ-‘nj loak| of o LB“ Jcﬁvee polynorial,
much  move sloble bhan  cheracksishc  polynomil...

“why? bl fhe algeeithm 5 ispved by the achal
u“.’lry af the J(CDHPGS-.'L‘MI.



. &7165‘- Quolienls :

* ‘nw can W QL‘MQI'C csanlq/ues c.m es’iMOIcJ cﬁmwtlh(.?

* Suppoese VE L s ~ an eqemvect
bet, wast & fod o | scoler ot s
Av % «v
oplmze ot
o, = orgunf I A v- R “aguin & VARV - 2u v Av 4wtV
F)

o minmize: )“ {(u) = -2v*Av + 2 aviy = o

g v¥Av

lequires ©
1 £ vty

“Def: Mo Rupkish Qulh (A1) = A

(u be  neacest nﬂmx-'m‘u‘on o an gb“,,al.c
J A gve approrisale eguvcdw v)

Fﬂci l. .‘[ v s an !L‘y!nv!do-f 4 A w/ ¢:o]cnvn‘ue
’?"/I“J“ 7.«#«4 .,!»7 o

A then :
v:Av ) vAv Ml ) 9'304'16"4 rehins an
'(AJ‘I) : ::v' - viv = MV”z- A c-\'jumlue.’

2 v s an '5“"“‘" with ebenvnluc A
rAY) = X+ O(IS®) e c(Av') - c(AV) = O (INv'-vi?)
as i svll = o. rnJmL‘tnll, accurale!
(why?  because V‘f(A,‘)l“v= ;—‘ (Ax- '(4")')"=v = vZTv (Av-Av) =0
£ AveAv.
'ful “ve.se .qu J-oc“v:l L Jenve -“uqt‘-ve Me”von

L( qrrro 1.‘ml,‘n‘5 ¢3qulufs onJ cb:nnc‘vl; Al



* Hﬂakve Mefhods . Assume A€ m'", berwibion  (heace Jnsunl;hl.k) with smple Cron-repented ) eﬁcnmlat.s

l. TLC Fowt-( Mequ:

). Mpu" AJ v "v'”ll"' W
2 iknle  wakl shpping
(i) w= A v L h qff‘] A (AK" 2 AK) ualke the charackesiic pelysomial
G) v = w/lwll + netmalize = eslimale ,b,,.,“l.f 2K eiqeavectors [t
¥ ) .
(-‘-'.') X“)= f(A’\"k,)l v“) |(A »l—‘:’l) . as"-‘m’t a“‘suvnl-; J s kol f"ru"” ’t ’5’“““’/”‘""

in clfeict inplmertation,

Shere ﬁ( nest  skp

l:rs} row ue V.‘ s aek
/ L bk @

. Comﬁ;l!ﬂu: Suﬂ’ﬂ’e ‘«\|‘ >M¢'-"\;| 20 v o>l QﬂJ 7: :[\/.'v“)]'# 2
Hhea:
" v(k)_ (_. vl)" - 0'((:-';‘}') ) nnJ 'X“"_ X' l = 0((::—":)'#)

(v > v., A 5, se.udln'ull, at  mks M"’M,I and ("‘“’M,l)z

Cltors  convelge bnenely, v - (2 h £ C v - (2wl L. ¢ - nd/lf\.')

: Se, nz'/b\,' = rakio 4’ “ﬁs} ei‘l‘v.lves Je‘nu.‘ws dhe Gonvergonce rale...

Wb ? "
ey K K , T |
eall: Ax=VA vV'zE 3 (V) v,
J=1 ]
v‘k)ot Akv",

® o &k (i) v = 2 ( 3+Z(ﬁ)k J)
£ X “J:uJ 'JVJ-I Yl‘l T) Z’IJ

3 tenr-nul' on
[V .u)l srnn(z\b!y“ )

Converges b O

at  rales (’\-'/’\l)
o ﬁbtlms: l. Converyes Slowly +£ 1\ 2 I\

2. only fods (v, )) . the Iage-d ciqeapait...

Q’ ‘ow o we (rnJ a srecift aJ&vrm"?



o idea mabrix cnl-‘ons... { r(x) s an  analphie ‘:u"aa C-C
sd

]
"(‘) : £ L 'S Gpowes  serics)
J:ﬁ

then
fays £ « A°
£ A 5 dnpbtoke b A VAV A:vav'
So .

l’(A)‘}:'.«g VAV v[ JZ N JV'= vy

=V di(fo, foy, . f0.)) v’

- pick f b "3“5"’ a fsllic«lq e.3acval-c
E_‘ £0x)= (x- )" foe some me €

""'Gﬂ-. [(4)-‘ V J-'aJ ((),‘M)"‘ {'\I.M)‘I"" (\”‘M)..)V-.

[V dyO0m, dyom, e v _g
= (va-~nv)” 3
s [vAv. .11’
< [A-m1]" s 4
thea ! ;

-l |
(A -‘Ml) Los e.buvo‘ue; (—\::) frov-JgJ M#«\J V J

So A'MI

I

s avelible il MEX Y J
and

YR c omax § —— 2 (min al
I CERSR RS Frorwl SR CCEIINORNL)

eﬁeqmluc clasest fo pn

. n»‘-‘cc, we o Q{f‘y power ileratvon IB (A -m 1) K
-1
LI .-n'ol,~¢.‘H, Muﬂ.rl,.'nj L’ (A-u1) ... iec S°M~3

(A‘MI) v“() o« v «yp
‘lL .‘-nrl-’ts

vO o (A-wl)'y 4

. leads o invese ilerahoa



2. Inmsc I’«ql-‘on:
L M‘w" A) V“) vl/ "vu)"‘=l‘ M J-t-is ol JES:‘MJ esqulnt
2. iknle wakil .Sluffﬂﬁ
*,. k-)) A 1
() solve (A-ml)w=v * arply (A-u1) o raise fhe pouer
() v = w/liwll * nermalze = eslimale etaeneelw

¥
) \“)’ f(Ap'“,) = v (A v‘k’) - eshwale ab«vql-c

£ 0) s epusie, ast of soliay lusr saho aguiast (A-mI)
bof wdee Al > WV o R'R (ask @a3))
on 13 ilerabon, her on ke ikiboas just wse  sebshhibon
Cost Ow?), samc a5 applyian A )

Se, ﬂ" M‘/ a |-bme cost.

c Conwl;cace: powet ikraton w/ e.bcnvql-e; (XJ(A) - M)'....
closest do
8 -
" Sutpese "\J"“ <IN -l €1),oml ¥V i#30k and 73:[\/ v‘”]; 0

T
#“: nect closest do

AR (= DRI IR 1((=-) )

T A

. C"'"'a“ guickly f ms Ay and s wech  closer bo Ag
Hha any other cbeavol-c
£‘nJ ( v, AJ) s ‘AJ caal s mmimized
(\J closest  do )

'_Q_ hew b pick m? Can we ufJﬂlﬂ w/ a  beths gucas

Jo an ¢5¢nvnlue s we Jof

s yes! use s N



3 o qult-'at Quob‘u‘ Iﬁ‘-‘oﬂ:

I owpet A, v =
2 iknle  wakl shppng
6) A= (Ae®): (A W) - eshuale  eigeavaluc
() solve (A-3L)w=v® varely (A-mD)" . e e pouer

(i-’) ‘/w“) 2 N/"hl“ r nunn‘-lt - e.s’fmn‘t elauvnlw

¥ onew () s espeasive... N changes
w/ emy skp so sed o aew redukion
Mt‘,lu'ﬁt.., cosh G(ﬂs) .f we  dvech methods

- i onvdgem-' Rayleigh quoheat erchon  converges o some
Eﬁuw‘u Joecks poit L alaast ol v®.
Duo'ﬂ uuc rq-v (V], \J ). nu] n I‘e

l.n." oﬁ 'QIJG k, Qﬁﬂdm S lnLA‘C — .‘!! tm;, {’Qs": ertor Y,

\,
(1 Io 18
i fhe sease’
lly® _ (s VJ)"= Gl - (2 \/J)Ils)
D= a1 g - 50%)
cWhy? bl b v 5wy He XTer (A®)3 Ny o gl etors
(CURNEN (G TAD)

'I-ed u:c inve/se j‘ﬂb‘\bﬂ -arJak ‘o ag ‘o v“‘”)

is  lnesr:
()
I - Cpll: 0 ((F325) 1ve- con)

t"'“ closes}
whee [N - A®) > @ (WP - ¢ VI®)
3, =A% e diag- 25052 )

= I (tvpl®) )



TI!MSJQ/ = Mn7 - Ejem/o/uc Hc“ Js

* Lojis#n‘cs:
HW 5 due lﬂnshf’
'ﬁan" 2 pesked, due Fern/ f ﬁna’s week

* Rn,'t:'JL 7:4»"'“’ Alﬂalybﬂ
Simullanecus ilerabon
M T‘vt QR °’J""“'"
* Sh:ﬂs

0 fmfmess:nj (reduchon o upper Hrssenlﬂs)

* (eca " ﬁbn Tuchay
l. Rnyllsh 7uol-m‘ r( A WE
s 7.404/:#-:0”7 accwrale & o ’\.) {, v¥ \G

VAv

2 Ruer heakor: AP v® — v a1
Vo 51 and  comeges  lincocy,
Nyt = ey il = 6’(’/"77" v (rvn)
so J—sed loesh egeavalec
vt ll- e'((‘_z.)")

Clv:es" ‘p PN

3 Tovese deabon : (A -MI) v Py B — Vy whee ’>3~M|",\L-n‘,">,-mf

v W47 et closest

converges "V"“"h

Il - (rvyil = 0(5«:7'u v (2e)
L™

So

(k) [‘v)“‘ a((n‘ ,.‘a

h ul

1
Bl [ L e blosed b
one c.aavo’uc Han any
of e ohhes...

“idea! can we we rCA,v*) b kbl wpreve 12



3 o qult-'at Quob‘u‘ I&‘-‘M:

I mput A, v W/ IVl

0. ikenate wakil skrp‘ug
G AP (Av®)= v (A.%)

1 ea‘-'m“c e“‘jm va /-c

-l
'qﬂ’ll (A 'MI) vee raise the power

) solve (A-3L)wev®
e nunﬂ‘-lc = eslimale elaeavﬂlbf

GY v = W/l

¥ onew () s espeasive... N changes
reed o aew reduchion

v/ ewy skp so

Mt‘,lu‘ﬁc.., cosh G(ﬂs) .f we  dvech methods

: Convdgmt " Religh quobeat iherahor  caverges to some
eipavile Sk pur Ko alah ot v,
Dewl e por (vy,0)). Ther, m e
bk & lugp K, owmyonr s ccbie M cury bubtown Vo » Vs > %> G
i the sease:
e - (2 vl = @ (v - (2 %)
D=l g - 51%)

cwhy? b b v® s Vy e A (A0 5 Ay W/ quadmhc erors

(A -3y < g™ - vpi®)

'I-ed u:c inve/se ,“ﬂu‘\bn -arJak ‘o ag ‘o v”‘”)

is  lnesr:
()
I - Cpll: 0 ((F325) 1ve- con)

tﬁ"‘ closest
whee [N - A®) > @ (WP - ¢ VI®)

l;L-x"ﬂ - ;.:.]zu,-ws- (-{()]

= I (tvpl®) )

¢ Rn,kﬁh 7;«;#«} ierabion ﬁan one  ejgenpair... how do we

I:»J ol of Hhe cigeapers ab  one?

hl_m tun Alm#bﬁ on MM”-'/B’C ‘.”f"* J-'fed-'ns

n" oacc,..,

. floﬂ fow on, assumc A is J;ﬁ,,qlrzatle



* Siwultancous Thiahon: lets wn pover ikiakion on many

ipuls  Simulbasecusly ...

)

' ' [
* idea .’npr} vV s [‘:‘m :" . I'l )] 2 inhal guesses do ejuvul-ls

;Lmk.' W4 Av(k)

! | |
v Q) - [ "‘/Al-:,u Yelywo .. Ng/,.g,n]
' h

K
beo IV and v e AT v®
3 f)

J

. roLIen: 0" VJ‘R) E— \/| (JDMMG:"‘ e:jenvﬂ‘w)

<\

Since

. ﬂ: it v"k) — V‘ “'Ml L, kctfns v k)

k)

, we Aopc VJ*,( wil| converge
b Jﬂ)am# e.3mmlw.

v (k)
|

. 5.,",,.; A s Hem.‘l.‘m (A =Ak). Thea A s um’lm‘l, ijounl.’ZeLk

¥
A: VAV w‘we \/ 5 un"#“'f
(viL vy, ¥ ity and viIzl ¥ i)

o j"v«' since  all #vc C:‘jenv!c/vls aqre _L) Ic}_'(, kccr
of the  iderakes VJ“‘) L | one  auother...

‘f V,(k) L \6‘“ v i#) and K Hheq

L
VR L@ y® iy se v — 6 R v, = spanly)

bt s B v, P e §weR" | w L v

i
K>

DY) PM#C«{Q(} af we  smanbain m aq ‘Ifnblsu‘bl ﬁsl.m.,:

K
".m“ Ave v‘,"’x (4", ®) \{,mot A%y ™)

() LRI B 3 .lffm(v,“‘,’.,.\g_,““)



thea, 10120, 05000 5.

)

vltk) > v

5 ‘/llk) - (AK\/I(”)lv'—’ \/‘ (C-Ju»:c‘u ﬁf ne<k /nﬁeﬂ' e,‘aeqv“-c)

K
5o v ® (A . (.)) —_ V_|
J LR span(V,, - Y,.))

* can prove .'nJud.'vcl,., £ vl"k) — Vv, ¥ it)

v o [Akv"’J { Z A0 v.) VJ

lsf.,,zvlk) "'”S ,I,Sf"'!'l'" v’"}
Y

Hhea

b (v v, ) v,
= 1,,.,.[,:“ g8

)
V,(k =V, a k»e
]
& 2¢)
Vv, -»
2 Yispat.g 0 °

if gy, — v, f i>)  since vs e 1

x.M '{... l.)) Jq + 2 X (V V“)) \I + v‘"""ﬁ thn‘n
T '>J"f ol rrsl' ) ean:Lr;
dominaks 1\ L\J“|
So
(3]
Voo T Y

*leads o an QB“'H‘":
* Sisalancous Throtios” " of desied  egonnles
. .‘n‘»l' AeC™ Heruitian, v €

nx R

)

2. othoyoulize V7 —> Q
3 kake Be Ko\ 2 oo wkl shppieg
6) W=AQ* " ——— e He powes
) QPR:w
L G) A= (A, )+ 9_.")ZA ) bl House holde |
hea 7‘\“‘ ) ae  nommbizcd  and mutually L ad
conere b e R liyesh eneamchis V —— éJ‘“:r(AAyJ‘“)LX
use  Royleigh b eslimale

”liﬂﬂjw(@l ottho J-n'l'cqlfﬂ

cigeavalues. . .



o simulloneous i‘uq‘:bw s usuq”y ur/esseJ i1 a J‘mbv" order...
or»vnyn'-‘zc, Whea rasec  He power (m”-‘pfy by A)

QR Tk
. input Aec™ , Hermilion | A‘.)"A

2. ikrale a« K<),2,... wakil ;I.rfm) all Latkw‘)n(d sh ble
@) Q‘” R(” £2 A‘k) — er“-aunlfu 0""3“.')' usc  Houschelder —}— cost O( V/s,,S )} = 3)
(2

(k)
) A - Rm Qm ———— impheitly mulkply by A + st O(a)
NG S ) .
L G )‘J : '(A.'t:“) z 1.,“ A '..M = A’:;l &— ophional

Cos#: O(Kns).”‘
. ae Pese Hhe  some?

cleb QT R™ be He @ od RS

s

produced Ly Siwaltancous demlion inbalized w/ V= T.
cleb Q@Y R™ be he @i od RS

‘

frodou L, QR dention  indalized w/ V= 1.

cleb A% e e K* e o A

A{k\ od AK
o thea: ,__; !
e k) *®
(6} R;‘k)= R" () A7 Q: A Qs’
) Q,"‘)= ﬁ Olk): Q")Q’u.‘. th) (9 A« . Qsm[R:n gsﬂm... f,m
L =
Ta e e e

wpleitly, QR of AK

“lebs  check G |
A A :
S QR A" RP: @A™ ?
CAC-RPQ: QP ATQY - @ AQ” '
CQURP: A — - @A :
SA”: RPQV- @TATQY - (@) A (@ @)
5 - (@° Q™)'A (@°q@®) |

AT QYA

So .

* ey o
Alk)= (Q“Qm... Q“") A(Q°Q"°... Q) - Q )A Q. )/



AM: Osm“A Qsm
Lo bere Osuc)= Qa)Qu).“
QR iqul-'an,..

° E7ml\‘m {"'“) L
(k)

a ”emc ln'vc varc:l:ug on

fmv.'Jes an
®
+observabions . | Os s uaitery S0
¥ !
O’ - OS

AV QP AQY =

are s.wi‘wi‘y lﬁms ﬁlﬂs.
AY Wi A

"

2. x.‘u:)= r(A, 7,“0) L ftuo“ Aq®
3 3 5

lk)

and N\ N
the :‘n&uo‘ entics of A_‘:k)

of A

S0

©

3 75 P \/J So
(1) lk) TS
hea A= QFAQ"—
So.

(%) )
Q -@"a"

w w* k)
AT Q" AQ,

(AP 2) APa0 f
0 [onvtome ﬂﬂws ﬁon toumsuu ap powe/ .‘Imﬁw,
Dol Hea AW o A,

£ A Hewikan, INI> 131> ..

and Q_‘w) >V sum‘l-‘auy Cinear cnmjuc) w/ constani

3 "\.ml/u | g
(= mox é

J€[, R-1)

C Max

JEL(1)

-+

F e V™ e, %)

AJ:&) =

(k)
Os — \/ So

' O’k)—) \/

Oue) Alk) Qm L

hoe e  some cﬁe«valﬂs

o [a* A or]

)

Converge o He eﬂenvelucs
rfoﬂ mmjbuc e{’

s.'MuN'lnem i“mln'on

£ Avav'

V'VAVV=A

QR ilerabioa e‘éuhl"é revealing

i‘ﬂn‘-‘cn. A‘ each s‘qlc we ,..'rl.-z.'il’

s an

fuam a uﬂf‘nn’ .s.‘-vlo/.‘ly Mnsﬁ:—v of

"#J)
A Mn‘ Lakes Alk) m:) Qum) 03 ,k.,)
sl o Krem, A A
ond, the podict of the lumhors . Q: @"Q".G"

bV, Q,‘k)—'\/

Conver ges

slow L similor cﬂuvalvts...



° CoML[nMa -'Jeqs ﬁnn
() ebqvqluc nmol.'na demlion

() Rn’ ‘Ga‘\ 7Holu‘¢ql’ J'ln‘-"l (S‘liamo) ——— us¢
Hhen sf“' ialo  swaller ;,Lrnklems

(s lehres 28 and 2§)

usc

b preplocess, reduce  cost aﬁ ecach QR calwmloon

Jo  accelerale convergeacc, iselale potticales l»‘aeavn‘wu,

gws a prachcal  (widely used) alyl-"”m...

. E.‘Jenvqluc Rgm‘-‘ns E;cl.l.‘ zq#ous (onJ Iba/-‘w'):

- Def: gien aty A€ C™ Her ] o Scher
decomposion of A
B R X NEINZ7/ |
AQ TQ = [7. * ’J{%] ::z:}
where

Q) QE d:mm S w-'#u,

) T s uppes il-‘nnjulu

Bl 1 Q':@' o Q TQ%A, T:QAQ
ot sialorily fronshoss  so  A(T) = A(A)
(A od T hoe e some ebemmlufs)

2T s anquler 5o N (A= N (D=T s
{he eiqen values of A ae He tlfasono‘ exes of T. L 7= ("\f(////%

-

),,"

heace T s “ ejgeaveluc revealing "
Y
T /%],Tﬁ ////1

3. if A s ”elm.'\l.'u, T= Q AQ* i Hau-'l.‘m,
all  Herwihyg Jr.-uj.,lu Molrces are Jmel J T- T* requires T:N

So T is J"aaunl, T-A se Q=V.

AQTQ" 2 T- Q*AQ

. Eiofnvelue mm‘-‘n3 erabion ; ()MJ Q si
Jr'lﬁl Me”nuj (v”mhm;e' Jn‘/tc"

impossible  w/ a
welhods ,Cr eiqeavalucs would  exst)
nshead, allewpt knbolys A2 QA" @
s.4. AV S T

Osfk)= olo Q“).“ oue)__’ o

and
- exaclly  whal QR iahos docs. Shble siwe all eperatvas  are watasy,



. ﬁze!mssm;'. bebre .siwkus QR ilsation
ﬁwJ a um“«, srﬂ[’m{, ‘fons&tﬂ o{, A‘

A = Q’AQ sd. A s cheaper
o werk  with ot A spse, A%T)

'ulsun“y‘ aim L A wupper Hcssu‘elj

'ng-' Ae C“ s upper H:ssenLuJ 4 Au:o Vsl
{ufrd Jl.‘-naulv + | ponzero !uLJmJ--«l)
A
“Jhea A =T (whee nongero, J“-“ | ecka a#-J.‘.J..-lJ
A an, -f A s Ho-ﬂ-"n‘m, A b “0“-"#« So l

is L.‘ang.a.' s Sparsc
A N A ////// LLA-A

'(an 'CA“G ﬂnﬁ A "A‘ w/ Q a‘u'/ecl' MGH‘.J

(scc lechre 26, use Houscholder 4o ﬁlM Q  recwsively ...
~leave alone rl:ﬁ' alonc
pplisss ://;./_/{/(/_/{/.///{(//f LG Y7224
) : ‘ A7 2277 A

Y D | &7 = hedws| 2

D)

Q| ‘Q

act e, e

reflech Jo zeso lef} webliply right malkply all still zero T
(leoe rov | alowe) Cleae el | alos) ilale o Submolrix!

* eost’ 0{gn;> j&ncn\callyl O("Eng) ;f Hernaibron
o backword stable (ww‘w, or:h/-\us / Hovsehold <)

-« using A\ ol cost of each slep of QR . leahoa
A s Hewlin D A s dediggonl

redues cast of exch QR skp b G(n%)

so cost of QR ikwmbea s O(k ikrobioas -a°)

Gllen #  ikmboss ¢ ... reduchon b upper ”f-ﬁsc«ba's Mot expensive  thon  Subsejuct ikibon!)



'SL.-fL\nji wpdte QR skp w/ shifl %

D) an le)= A(n-l)_M‘K) 1
1) A"ﬂ - R(k) Qlk) n M{k) I

k)

where M 1S chosen lo sruc‘ (onK/JM‘L'

(Ei o Am"- r(A, 9“Jm.\)) - AJ(K) v AJ)

. MCH\OJ: |. use Houscholder o reduce lo upper H!Sscd‘:ra
Z. tun QK deatos  w/ sL.‘ﬂs

- acheves’ qubic convergence |ike quleal. 7«.4-‘”4 ikmbron
produces  backward  shable  eshmates
\“/' 5 Qlk) ~ v
j;- = Jn'j( A’”) = .A
s.|.

X el NA Al
A= VAV safisfes - d(f,,)
and 14\ 2 bee
IMM (E.).

. Wunmjj ca»J,‘lm.‘ns ,,f the eﬁuv&l-’s B values
nf A in ff-l‘u(bn‘n‘an.s lb A <can Lc
very Latl, lsrzchuy .‘f A s nol M.'lnw‘ly Jnhj,uq/.'hbleﬂ
+ stabildy b (z\,”ﬁ) depends o P behuveen X

and next neorest e.s«voluc...



Uuk j- A 'p’p,.'cq‘-wns or .Spu'-ml L.‘neo-( A,‘t'\clm:: E MLcJJ-'u\ Da‘o in Low - Dimeqsions

Tuesdey - Moy 16*

'lo;:skcsl
© HW € and FI«:‘:J 2 rs‘d, due e ZS“' asd Z‘M

* l.tnmrng coo‘s:
|. Shle an enlzJJmS Llow - dimensiona | dala rqmsealnlfon proble-

2. Relale spechal lineas aljebo b seonelvr .f data
3. Rulim PCA usiog He SVD aud ciplun why ik works

As_Enbodbay Foblem.

: Surfosc we o given a colleckion .f’ dota  veclots

X,
FZ A xJ-[ ]EIRQ

e

whese X_J is the it 7...,.1(:[7 wmeoswed in e J“. teial /Subrcl'/eanflc.
- Collect the dota into o makic X: biallexample
[ 0 J JI ] :{ JFT,_..LQ weasmed
e [ T
——m— )

ét collechon J’ - images, each fvﬂ#“""‘"‘g fz f"'""’; colot ‘p each f"’(’l is debemised Ly 3 #5 (I,S'L)
2

3
then X:JGIR J m vechts X

.

* Classic Ex: collechon o(’ hand  drown Jl'jn'k
piehures A {:ufs, pichves of cals

ond Jﬁs

NOLHLY OO F o~

MYV RhoNOQ O
RN DO WUER S~
~Ne=uwN NN AL
W EeR®NQO GG
WDEOURVORR|E
(RN -V @—uR=<
MPAINOPNE SN
NN =W @A ND
UWN —®N 2 0 D
NWHo==——GN
QOUN—p PO~
N—pDaNcS UV —0
PONP®DOL£ N~
XEEONG WL

(HNIST.' n»l"lOlllo‘l images -c
' ok drows dy)
'é. acﬂg"z& Jal'a: m: "32; inJ.‘vanls (ﬁtn peool .c 3*'03 fulbrnﬂ S“’ P”"'?"'J’)
22197, 14¢ loc;



'l ”

’EML Jaln vechor KélRﬂcqn be kealed os a Po.wi

M an  n- dimessional (n- D) spoce

* Colleckon of m points frer a scatler cloud —l ) )
: Fn“cm: n is ofka “’3‘: or very '«Jc A
. Q.’ a ‘180' imaqe has n= 1,353 600 - doo‘)} wllion J;"m.“q“

aenzﬁ‘c dala Using O10%) loci

“high- O dobe con be dffilt b ik i
[ o MEnMory mkﬂswo — Jesm:Z cgn‘oltssfm
— desire: redue do 2-Y dimensions

Le V:'sua'-‘ze
- inkipred: indvidul enhres o mrely uem’ujfu/ alone
meaning  stoed in the  collection of values ...
’ reo”, CEL or L‘u“;: o o l’are‘, Mean-‘ﬂjful q’nnc
o | O don‘t represest common
2 x 1 *%l:]¢... PO
f l[] ¢ ] * [} beakures in fhe Jo”n

work in a nean-’vam coordimte system...
use a  basis the cophues  relevant feo burs
ot patlerns in dak, separaks dishact
examples (bt clossification)

— desire .

. E,,L.:JJM‘ Ph“en.’ givea Kedx, x4 . a3, x€R" fad o wopping  Jhat
sens cach dobo veche x| — 3 €R” whoe deca

Hht  presenves relevant patherns [shachwe in X
<aim Jo lse as litHe il about X as possible
« oflen seck a  moppisg st Pe enbres of yelﬁd
Uireckioas ia RY) are mlﬁ'u.s;ul, ...m.a_,(i.l“.
geomehy i e mL:JJ:-J/I.kA Spce —b weaning in doto

-

} I'CJM& J.‘MM’FOV’...

l, Meaniujc.-"r .

seck o mapping f: R=R" s x3fe

us«ll, ﬂ' dwn.
- thea, dota X s comentaled near a wmaaibold

equal o the rome off

.RCM!SMI‘GI'IM in_a lnlm} s'pow:




6 L Re'pmmla‘ion.' f(p is an qmnc Lﬁc#on af 7
“m‘ is. fl’)‘ i + B, s ;GIP" Belk

O\‘J

- fepreseas dofa as o lacor  combinahon of d  basis veclors
P
L_,“ L_.zl L;J whesre L:Je'z

* basis vechss § L:.ls: ore " leabwe vu‘ofs': reprseat X as a weihled
combination or {(G‘WZS‘ tlejh"s fgifﬂ

# ute va:jG or r s ”‘c am‘ne .WLSPMC ;f@ ﬂmac(g)
':os_s;Ug .‘f )( Conc&«‘fau fleat a J J-’Mw"onﬂl suh.srotc

'L l:;wJ ;) E ﬂnJ r g‘on XJ L, Solv.'ua ”vc LS
J
rn:blmi
minimize - |l 677 -(X,‘;)”z over qll 76)Rd.

So

Solve Ly rroJan‘M : YJ= ({)';)" anc(B)

* Can ﬂ"J y ﬁbﬂ x, E, < . via P/'ﬂﬂ.kbll...
‘how lo choosc (B, )7 ©a new problea...

- posc as an optmtization problem

. ﬂnJ a d ‘Jn'nﬂcnsional Su Bspaq:) fqnjc (B)+ %

sd. ffgecwt‘on onlo #w SuLs‘aocc qum; most ,,f ”16
u.‘uﬁina‘:‘m" ol "s}m‘w" of X.

“ " .ﬂ choic vf, | 'OJ c‘-ot’ltf}
. V‘m} we Meay L, .yﬂ/mb.ﬂ/_f,{,“‘we JCklM-‘nes 'LJ ¢ i

He e .f Hhe problen...

E_§ am fo wmainkin as  much vwionce/s,omaJ ia the data as possiUc
 televast to lucotr classifess § reqpession, normally distibaed data.

.E_" am 49 qu}am rnifw-‘sc J"s;"ouces anJ Ondks Lc"wm eMLeJJeJ
Jqlq ro.‘n":i...



~Quesl-'m.' W‘l, can  we Lopc b fﬂJ a SuLspacc of dimeasion d«n
5.‘. Prﬂa\‘-‘m eﬂ‘o i# re}o.'ns MOS"' op slmlwe .f X_’

* ‘Tohmn' LMJMSIMMS LCMMG
Given any X, éx_.JgJ'__'” xuen?" leb 0c€cl ond = 3 la(m)/et].
T"M ) there s a linear Map M: R 0_9 R J such thot

(-8« - XIE ¢ MM(,(,.—xJ)llz C(l+8) )lx,.-xJn'
‘_"____J

-y
r.( all 1¢& i,J em,

. I.,;clrl any seb of rorn‘s n a L.bL-D spoe can be linearly wiopped
(soy, projecked) wabo @ low-D spoe while neorly preserviag low =D
the dishnce  Lebveen points.
ond e o dmeasion d s oguithmic v e # of painks 1.

- con eckad o smlar  sloleareats nJuJ-»j He mm-floclucls ... neatly preserve qﬁles.

.50, con reasanou, Aofc \la an a l.‘ncu fepl!su‘ln‘n‘an x.JA ';roJaJy'M
rehiins  most af he skucle i X ...

° Ff.‘ntu‘pal Camponeﬂl Amlysfs (PcA):

* informally : given X s f.,.J a lnear refmsu‘tql-.‘o» 4 x
nsing shft % and "fo‘v/cs Q=f?.,-»- 78 s.)

I. feabwes one  indepeadeat 2. projeckon onlo % +5pan(Q) rehins as wuch variaace
(7-1".; L i2)) as possible.
m
* Vaionce ia data Jren Samples f)(_'ff,‘ xJelR

&y

* Culf..‘iﬁ )?:nvanc or snwrks; .{'

& I ; ~ | o 33!
C—0=¢ - —te——N : 7
xi 2 ‘.’ % 0 ‘:‘s % );{;: x, . M a °""°8‘ J-‘s#nne”/o < S?uo:cJ (whea xJ drowa u,,;ﬁ,,[’

[ .2
Vvoare w X fom X) "‘T‘,é“"f”)



. L
"\& , [ “ Ceaboid: X< ,‘:’,é’(_, so X, e valug across " row of X

A _ 2
* Componeat- Wise Variance . Var in e wup = f‘ 2, W X, 1)

~

° \/«.‘nnce. Sum o( anrnml~wu‘sc vetianccs

v n n \ ? il s
Var[X] =—T£, (IX—;( 1) ="_|£ (be-;il)
I'(—ll—'— —T—no—ruk average § !:' 3! WELREY
= X, g 1 vaf. acloss rows
X I ) ]1 lnn down tows 0
——m— J 2

2
:QVqlﬁe (J-S‘nm:c ‘on annﬁ[, sonrkJ XJ o x)

* e\t seen s bl
. Jc!-'ac mlch data  malvix X: 2 otiginal ;(J-E
“ recall’ given Aelﬁ'm, the Frobenius nowt of A is IlAu:‘: .,{' 1:1,.1z | b
« thea’ o
vel¥ e & (6 = 35 X1,

¢ Sel JN' iS " eukJ x ‘, frﬂullnj MJQ -] J-J‘mns-bnn‘ .su-‘uftuc

while mMaximiZing Y | Bobeaivs notm of the flucclmon... Good choie of

b
“Asswne X s conked (F ao, reple X il X°)
« Then, g d  bass vechss 37.,?,,-»- 9,8, q L and normalized:
] 4 T T
offrox:nok.' X lf” 32 T Y 2 .‘I %1 “lQy e Qm~ [7-’: ."]
S B | L N
Hhea 1

+30] X% Q' solve L Y " f"f‘"” Y Q X
X:Q°Q“x = P X=X

—y— “ na
i proyee clor eale m'f(a‘ ’)



o _a )
T ey ) x, X3 QEYY bhew e cnor in be repesealobion s 1 a1

) U)
£°- x-Q®Y a® %iq
—— 5
coufutni "" X1 b rch(Q) I e )
2 2 - T
so ”Em"F < 2: (K,-‘ - xuq‘.J) "'(;‘: ,.é ‘XJ.X'O‘”') .
i 4

-— —
awiaye distonce ﬂ-n LA
bo ils qrrlut;-!‘-'ll

ALM J
PLA (Limall): aven XER™ Cuabred) fud Qe R™ si.
WL Lormalys- &
I iadpeadeace 4. 1 g o any izy , (U0051 b aey i)
2. accufacy set:
Y:QX, X:Q¥, E2X-QY
MaximiZe. |
Var [T] g Q ¥ Mamize! || thll ol
T 50‘4:

"Clam: q=u, wosmizes the vosiowce afkr projechion.

|. cenlr e data \1 Why-’  Prove -

2. SVD:@ X: vév l’akc a 3@&‘/ appfoach Golve L 1., Yhea 9;,--)
3. s 7w . agply geomchc wlrpekbor of lhe SvD

Or.gaa' Froblem: fiad QGK ) otthonsrmal cols, matimiting nQ X',,..

.“6:“.4; Ammd‘: solve b ?, r-‘rs}, wacmze 97X "¢
Subltack .w f/-fdm of X oalo g, (%,
Hea  sobe Be T, MaximiZiag fe var. remaining
5 ilclale : ".nl

. 50'1[»1: L{ !: j;m Some ?' 7 :77)(
* X is cealeced so mn{af=frmf)(§‘ 0.

J
st

1

m-| ™-|

A ] r .,
il y)s LByt ean 1yl SugTan= 5 Iyl

* So, b moxmiee vorly)  wasimizc ”)(1}” o all “1”-‘-‘



b wmormize vorly)  watimize ”KT«y” oer all lgl=1 ..,

%A

. ftm"‘ qeoﬁtl*/ og SVD . jim Aé‘?

unid Lall: IRNz1

¢ Sol A SEIIJs .L‘ﬂohlﬂ‘ LM'S i“’"\;g V‘,‘g "’o ol”vOJoﬂQ‘ Las-‘s zﬁé“lfg;lg,m‘ﬂ;‘ng
[ [ ] |

> seads \IJ — 6 MJ ,cl J& min(M, n)

(A(ﬁ {)uJ so, He -’npul' shelched  He  wash by A
X3 V. sinCe ‘12{4 vﬂ( J")

. »"": given A mMaxmize "A7” over all 1 st “7”=|

s soled L7 7= v, Il4v‘ll=g,.

)

£, £ XUV e X'= VﬁYUT (swap roles of V oawd V)

a|| L S-l.
||.l|l =)

H‘C nlﬂrul' “l -2 ‘; \/l waxim; Z¢s ”fo Il over ol )lﬂl‘l

”'"’/ 1l=u'.



°Wlﬁo* al’w# “'d ftMQMMS ?'57

* InJu‘v‘on:
* show “'tl#l if 7": U L KSJ
Hen ?J'll: uJ” '

. afjuc “Sl‘ﬂs P“Jec"bﬂ' (see Lc'aw)

l

Da"q : X = RCEMSCA I’a{’;oﬂ X X + RBMaMJCI.‘ Ew= x‘“
2 D : X o - . 1, + |
- 2SR |
A Z4AN

7 !H’: n-M(v,T)

foget X el QY Pageh X

maximize vofiece

Minimize

Lk QY

Vafionce

x“ 1

next o /azs" S""J-‘N

cormesponds fo  veclets

£
1 Sol L, inJchion.’ PfA s .So’ch Ly #vc 'SVD!
. 7.,:“ loe Je[I,JJ (de rank(x)) — 45 ae L so gLy, £ i)

J

U)ﬁ{(uv) [ “J]["q t:‘r.]

I_.—V__.-‘
“ns is a rank‘J wiattix.
is X a goed mak-d approx o X2
’ a—u‘SL“: Joes ‘H‘C JMJ’ qrf"““ MQXMIZe  \al in q" (,u’wnml;?

™MinimiZe etrof !

- ]

valug is i

e, Yl



° aucsL‘en: ch_s the dmcaly qrfroack mazimize ol i all o-ponub.’

Minimize  etfol !
« )
L is )(lJ): Q )YG an A“M’"‘C afrfox. ‘o )(,7

185 L ‘(:‘#. i“ is ofl\‘mol...

--reﬁl_lf 3.‘«4 x-’ USVT wi#s foﬂk f, can umk )( via a Sum op ouk( prJuds

S VT .,"_—"—-. 4‘—n—‘—’ ‘:_:1-:'[ ,’" 'nT _‘Ivl"_ rank(A)
X-U&V= Tl o fle -';'—]w- N B IR AR
- Y, U, L _‘LL _ \:/:—- l l ?l 1:: Tn —(',v' -— Ké K K K
l ) i )4 (I I —
& rukiny » lin. comb. .f
onler rr-Jud-s

rank(A)
Mot s X =£. 6, i Y| 4 ol s o{’ rask-one  wmoleies  (u, v,
Kz wc;ah'ccl L7 #,c (oﬂtsronJiuS S-‘njulol va‘n, 6.

k

)

T
't corl.'cr wC Saw . QQ)QH)) X Pua Xz )(“au)

)

! a“’=[.'.,u',....3,J hea X =P ULV
R

Wspoagu _u}
T

P [ - ! [ [ '
LT PR u” Uy Uy | = " Uy u” o ... ?
n ’rnnz‘”.__u“ ok la ] L i

n spaa L ""f"‘ n spaa L ;._‘r..,
r d r d
@ T T T
Xz Leluv'): (u, v,)) +4 0= 46, (u,v
So, ﬁ"“J“K" k "k Tk é‘k 3 k) é“" Kzz K LUy k)

———
bruacale sum at d krers
o ¢
o T
s hurcle e sum ot d koms.. X 3 X7 b6, (u% )

. sine 6,26265 ... XLy x occwaHy b lorge enough d.

° TLN:(ELKQ/"M&ﬂ:"l'nua) jn‘vm A. wmxa  wl SVD A—‘U£\/C and €. +6, Lr i)

Hea hr d € rankead: 1y
- T
A -Jé ‘J("JVJ )

is the uni1uc minimizer of I‘A'Bllﬁo over all B tak-d.

= )
o X s closest appx b X of rank-d. Mumizes “Ea)“:#lx 'XU)"fz‘ Maxmizes 'J(mll:

-



> rank(s)

 Theore” e scyuucc £x E is  Jow-rank ophimal
2 best possible rank-1 approx o X

< besh possible ank- 2 apprex do X
s best fossn'u¢ ranK- 3 approx b X

wak 13 X" TRA
ok 20 X = pu v v gfu,v, D

(3
cank 30 K €MV L 6fu, v, D4 6(ug V')

. . g
raak d. X *Jé ‘J(“J \{,T) = best possible rank-d approx b X.
* Questons:
|. how accerale is Xw.’ (whot s "Ea)ll;,o ?)
sec Hu- fux(n d

. Wy L - ua‘ T . z

IE“N, = 0X- x“U - & dgt-Ls

So, d etor! 4 '.’Hﬂ hd -“ l = !
, bbe amei EV iy, - (W, . ) (1 ‘) N7 '::,::,,.)

2. when can we choose d «n?
(W‘IM X s mmu-‘mﬂ, low fonK .. -)
Faak(x)

g
cwhea 3 den s) £¢5":£ (Jz P wha € Jecn, 7u-‘tkl7

Ex: Novembe et ol "Genes Mirror &osraflv, Withia E:mrc: Nalwe, 2003

M Jﬂ#ﬂ: m: ‘, 322 inJNfJno';

——

}Lu", wuch of Dmlfc code likely shaed by anceshry...

n=197, 14¢ loc;

'Suajcgk J(‘ n fo.is-'uc anJ vqf.‘aﬁoa in Jq"a Meou-’uJ‘U

eseek d dm. Sul'srace mk-‘m‘uj/cxrlomu as  Mach  variance as possible



*Whee we qo nexd!
\J

¢ Ques#n‘oﬂs (Ew‘uu‘ms P CA)

. Re‘a‘tJ He“wa‘s: M. k- D-'Mus»‘ono‘ Sa;l.‘»j o What ;f we prSUvE  puituise dislanes? anales.’
L.w Rnak Mn‘ﬁ"( COMHQI-M... wl\q‘- ." we are Mr:sma ng'q?

2. wh, are Mon7 onln Ma‘ﬁl(.s ﬂunm'cn“, Iaw#onk.’
(sce  Tounsead B Udell, Why ore L3 chla  wokices low rank
SIAM T MATH. DATA SCIENCE, 2017)

nice APFI-‘an"an o[’ Johnsow = Lindeasltovss!

3. does PCA echach inkuprtable feahues T
(sec appliakon example lo gome Heoy £ shalegic analysis in Foker > yes!
sec ‘eigen foces” example = no!
.. discuss Limids of Frobesius norm —» Lp bw rank approx
v dack of mmulishic conshuinls i feabie vechors, allow allersching / recorsive  cornechons
mrk;.a froes | ovecol average lo dehils = non—nsohvc wadeix ﬁ;l.::g.l.‘oa)

9. what £ dodo s pot conceplerkd on a low-d suLsfme?
con we use non-lincar reprscatabors’ how do we shedy lorol.y of dota?
(discuss inlinsic vs. exheiasic Jecma"y/ PCA depeads on
exhinsic 3eamc+v7 — dfBsion maps, speckal er‘v ancJJ-’:S 5 }cfoloyml dota analysis.)



Il'“idi/ = ’Ly 18“" Low Raﬂk Applofl'ﬂql"‘ﬂ

'LoJ.‘s’-‘cs:
MW E aad Pop 2 poaked

e pest TLusJa, and Fr.‘Ju,

" Coals!
* Ecknl‘ o Milskl ! Yona

* Froof

* Genesic _:Bmﬂu,,e ﬁ, low rank qrﬂu.’nqﬁ‘oa

CEx
* Ctncs H-‘"uf &,anph,

. Lookmg ahead...

(lidokons and exleasions)

° NuMﬂ.‘ts oaJ C.qpu‘ﬂl\'us qoiny anJ

.Eckd" M»‘Isky - nwc\ Tlvm

0 T‘m: (Eckol’ s M-‘ﬂsk!‘ To%_)

* nusmeical rank = swalest o s| IAY-All, /AN,

j.vm A‘ wmxn wl SvD A-’Us\/f and (‘.«t(d L i#)

Hea e d ¢ ankend: J
=€;((u )

S Htc umfuc Min'miges .I’ ”A 8“ oves all 8 MK-J

rank(A)
1 ”ﬂltﬂv&l “A" ? S ranK(A)
) A=A, F - é 6’
A5 = L 6 ™
e
so, relofive error!
NA-A" 1, ZuAig,: Jl = (Z.f )/(f'"? t)

* So, Au) ] A fr J“ ~,n .’f 63“) Jecnr 7u-‘:kl’ ros"

SomMe SMq” J
Jusz ertor Io[e/n-'d.'

J
¢ Eefo]



.6’_‘_#" Many Iosg makices are numen'ca", low tanK ... Wh,? — (Man, l“fj‘ wakices are il|-condibioned)

(sce TounscaJ 5 Uc‘e“/ W‘»y org LL'S Jmln Mn’n’ces 'aw f‘oﬂk
SIAM T. MATH. DATA SCIENCE, 2017)

nice  applcalion S Johasw = Lindeasteavss!

30 common oflen essumed whoat 7uvl-ﬂukon

o tﬂk"ﬂ" MLIJ .'n'l(ts: H"f" ol
(mxa) 't 2d) Cdea)
AT 2 LT R
«dsy
[ [ r 27
- A “

" —

Lr rec minlonn)  Allows:
* Compression . Stre v/ (am)d enlries
inskad  of wa
“ Apphslion | mallplyiny cost  @Gllmin3d) iaskad of OCua)
- MLl redickon 3 low-dueasionnl enLeJJ:’nj

* leds prove fck;/} - H;uk, - nuﬂ

* §ven AelC i 5 wl Be ¢ ,f rank d ¢ rank(A)
S0 wiike: d

* *

B: LR - § I B

Y lmedy Cheay

wab B%A so qm b mamge :

“a

uo : d
L A R R ARy WA
Kt k] ket
<M,

2
il o
M> = f. iy oy
* l’wo o”/-ul-ts 1 A i
q 7 taak(M) g
I [} '"F: is um‘w-‘ly ivoriant  Since Il H‘I,,. = hae (MM )= z (J{H)
- el

o NAQUT = hae (MQ'@M*) = baig (AM*)= M) L,

S0, given A-UEV'
A8 < VA=) Vil < I & - WO RS < - T R™

whee LeU'L® (-vl, R:V'R & R-VR

L4

e WLOG can assume Aek ¢4J Jfaanan'-..



S| 5f 4 s 't‘ll amJ c’v‘qaonu‘) mxA m// ﬂaﬂrmju’-'lc cﬂlh?s

N L[N e]

0

Hea

nced ko ttcover He  nomzero block

in eflesr case, only

(raek(A) % 100K (A))  Since  any fows =0  can be  recovered
Ly sc#‘..j ]ik <0 ¥V .+ s row iz0
and aty ol o ... S.K—'o Vi sl el 4zo

*WLO6 assime A s speee 3 ﬁ‘“ rank }“-5, Squorg Hesitian, posidie ule{fﬂ-"c
ﬂaﬂntqu'l'vu 3 J'asvm;)

lcnl)

(he rest ;s 6 blocks and unibasy bruns Rewakions
L, V ad V)

e f A s gpmichc Hes B st approsioaks A
B besh apfiecintsks | A"
bub AT=A
S0 B *B (L wipeed

look  fe symmechtic | real  solas:

5
LR, A*F=-RR
L’fﬂl sinee A el

r<d 2 v 1 g ¢ f
So WLo¢ SOIM al Ré 'R MfﬂnMv'Zn'nK: ” A' RRT"F’ = (A' RR, A'RR )= £ (anJ’ £':k flk) = {R)
. !R) o iy K=l
(i

credued ko ceal, Square, symmelic, p-d- fron_,,

* Symactezing soles L problems...
@ scaliag: le} D e o dogounl dsd, iamrlible mobic..

! g LR
ther 82 LDD'R so (LD) od (DR
ae olso selas ¥V D
ol e b b dye wnd 0 by %)

“usually sobe by cher funy MAIzL Do livl

o Copumchized) 4l < el



»
w Of“loynn‘f‘y: if B=LR
€Can Of”'ogwnl{ec w/ QR decomp

L- [1 but—r L][%} QT

or R=GQ Ty
thea':

* 3 e (rea)
E < QL [T‘ TR ] QR H [f’;‘); [.»....m][ L rows ]
I__V_' {15 IS S S —

Y R

(728 N N S R R B

U R*

V106 coull repure L cols i L or R.. whih b cobie?
Conce  spumetnzed we'll hove  both sides 1 ...)

2. sobe duy Ly compebng Ve lR) and sy VeHRI= O

fRY = IA -RRYW = £ (a, -(RRT)‘J)‘ CA-RR A-RR") ¢ s Gl
ey

anes pr roducf

) FR) 3, CA-RR" a-gR™>« (- )RR, A-RRT> + CA-RR) - 3,RR")
=2 {A-RR ), RRD
22 z(o - [RR, )(),‘kLRR'])

d '} "cJ:[

- ! i 2 = .
“‘m. [RRJD T .gﬂ f.“. SL L [RKJ 2 a f‘. AL )"k fl“':,l‘ Ik £ i-x
1 Teg iF 2

0 el
20 wnless h: Rk } . G
L2000
or JL-'lk loh

—n —
h . column
(] r'; (/] ‘1{ fkp,
"lm""ak | .
so )[KR.] g 0 0l — b€y = —
I |
fak 2 ind:
‘—)kg

so )r“ f(R):—Z ‘é‘l’ (A - Rﬁf),) ( rKfLT* € 'KT)U con selve e K

l“‘ 0‘) K nl L] ‘mc)
L. kal?)w need ),!Kflk)-o vV Lk



+So, bo """F‘-'Q hoke 3,,,,17 approach, sole ose coluws of R at a fue..

EA-RR), (ne) < £ OO RR') (ec &), ]
J W t
t
20 waless 2 0 waless
g2 iz

=-z[£ (A-RR), %+ & (A-RR) gk]
5 ———) J 4
“(A-RR), by symnchy

-4 & (A-RRY 0 = AL REDE]

o, r(k)"zﬁ (A- ﬁﬁ) (re‘ .c,r) .

V,- f(R)=-‘1(A-RRT)}k = V,{(R)’O requies AQ’ RKTIK £f ol K
® ) K k—ﬁr_J

, 6 he ) “Jemql,aJ ei’uvrcl.r problea "
--'[ choose K w/ .L Columns #eq.. R [N 'z"K = ‘_’
Wt e

Hot minmize NA-RETi . wo

r
s« RRe= R (nute) = oo ...
/ SlaJal Jtuml puJ‘llJ powts

) . w/ shifls (l)
7, fR)= -4 (Ad- o) -4(A - g’ 1) g domboa o/ sklls Mo

so, using 1 ols:
power ilerabion = JI-J. descent on

low mak approx
eror!

thea - V,J'(R)=0 requires A - lllkﬂzf, e.buncl« ,'aUr»f

* Conclsion: o A s ol spunchic and RER™ o/ L
winizes ((R)= £ NA-RRW,,
hen each cobun G sl be on eiqeavcchs of A
whee Al Nbe, aad o/ meguhde llod®z N
so, £ 4,0 ax e ciqupors of A Cuvmabead)
bhea, be ol K, 1, sd
=y, v

J

« reduces  the ,mL/m I assigiay  an cﬁmmlo( b cah ol of R..

'q"om" }LJ ch Ls‘ ass.amu‘ is rx=1.,§, Vk whese ’k,l_)[,\zlz,,_

raak(R)

cf AVAV'E VAV s )
'] d
Moy, assging G 3y, g RR'- 2 CARIGRARS BN RN
K=t

T t g‘ R
so A-RR™= 44, G) ad I4- RED, = &I



b 3 back o Soreric A... ¢k(A)ze

[ T

solve L R ann be wpper 21 bleck J’ S

[
CH (1
b0 2 b
P) A [ “._‘} has eqeapaits (e, &)

so (= 1[?‘: e

1 T
A ch) o [ l") r
o, append 2ews: QAo || k= de [ )
LIE) !
!

v~
beo i LR s e best mak d aff/on'nalan 'S 2

and Mu”{Plf L/ m{‘qy hﬁsﬁms (‘Aa";\c Lasis £( e
nnJ Co‘-mﬂ S{uc)
1 e U
~ | | | | r g Lf J‘°3{"l""d) T, o 7‘
- 1 .U -l ]
-0l [t ol ae
. bl
K B Ji"3(‘.,...‘d)l ‘I" \II‘J

o o
0e* V;IK < {:Il ;"‘ ;"'}ﬁk [;I = 1)2; VK
*
o] —Th T
s B:1 R* [}‘« ;‘J}[ ~“n][—-—v;,'_-]
J
<Ly A%
k=l

Uaeﬁc, “c Lcs‘ fmk-J urrl-xfuo‘\‘u lo A =AH):
K=
an S CTR 77 :‘f 6, >{L)'" ﬂ
* Canscrmcc: Jivm A € @M” S ,16 CJ“‘ Mvuﬁ“t ”«4 the low rank de Qup
,mlkn 3 LJ LJ R giva a normalizafion aad L ustrainb on  one ol) He
fibes, Le €™ | REC™ amizng  IA-LHR I

can n/wa,s be  soled L, Iluﬂu‘l'na the svo ag A ond s
Wigue £ 6 are distnct.  Allew accorale approx ﬂ( dee " w’ A s nuaicly Jowr maK,



*Whee we qo nexd!
\J

¢ Ques#n‘oﬂs (Ew‘uu‘ms P CA)

0. why arg Manr t‘an Ma'ﬂte.s n:mu-‘cn", /aw-fonk.’

T (sce  Townsead B Udell j w‘ly ore L'ﬁ ol wakices low rank
ot (vihed... SIAM T MATH. DATA SCIENCE, 2017)

nice aPPl.‘colfcﬂ ol’ Johnsw = Lindenshovss!

|. Relaled Methods : Mulk- Dimensionol Sca‘.‘nj . What f e presave  puirise dishnees? angles?
L-w Rnak Mn‘ﬁ‘* Comr)&l-‘oﬂ... w‘nal’ I! we are Mt::-‘n3 Jo"a?

2. does PCA echack inkuprtable feahues T
(sec appliakon example lo gome Heoy £ shalegic analysis in Foker > yes!
sec ‘eigen foces” example = no!
.. discuss Limids of Frobesius norm —» Lp bw rank approx
v dack of mmulishic conshuinls i feabie vechors, allow allersching / recorsive  cornechons
mrk;.a froes | ovecol average lo dehils = non—nsohvc wadeix ﬁ;l.::g.l.‘oa)

3 . w‘tq} ff Jﬂlﬂ 3 nol concmlnau on a IOW'J su‘le‘"e?

can we usc non-linear repscatobors? how do we shdy lopoloay of dota?
(discuss inkinsic vs. exheinsic Jecme"'y/ PCA depeads on
extinsic 3eamc+v7 — dfesion maps, speckal erl. ancJJ-":S ) }of,l.yml dota analysis.)



	Week 1 Day 1
	Week 1 Day 2
	Week 2 Day 1
	Week 2 Day 2
	Week 3 Day 1
	Week 3 Day 2
	Week 3 Day 2 Part 2 (GS)
	Week 4 Day 1
	Week 4 Day 2
	Week 5 Day 1
	Week 5 Day 2
	Week 6 Day 1
	Week 6 Day 2
	Week 7 Day 1
	Week 7 Day 2
	Week 8 Day 1
	Week 8 Day 2
	Week 9 Day 1
	Week 9 Day 2



